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Abstract
Mereology in its formal guise is usually couched in a language whose signature
contains only one primitive binary predicate symbol representing the part of
relation, either the proper or improper one. In this paper, we put forward an
approach to mereology that uses mereological sum as its primitive notion, and we
demonstrate that it is definitionally equivalent to the standard parthood-based
theory of mereological structures.

Keywords: mereology, mereological sum, mereological axioms, definitional
equivalence of mereological theories, theory of relations

1 Introduction
‘Mereology’ is a catch-all term encompassing the whole menagerie of theories of parts
and whole, both formal and informal. As formal theories, various systems of mereology
usually share a common language whose signature contains only one primitive binary
predicate symbol representing the part of relation. Various axioms are applied to it,
leading to a variety of theories that represent different ontological situations.
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However, parthood is not the only choice among the primitives of mereology.
Disjointness is taken as basic by Leonard and Goodman [13], and overlap—the com-
plement of disjointness—by Goodman [5].1 The choice of the primitive symbol often
reflects different philosophical perspectives, particularly concerning metaphysics, and
indeed, can play a pivotal role in resolving many philosophical debates (see e.g., 22).

Among the notions of mereology, that of a mereological sum stands out as one of
the most intriguing, and probably most controversial. As defined within a mereological
system in terms of one of the aforementioned primitives the sum relation has been
examined extensively from the perspectives of both logic and philosophy.2 Fine [4] and
Kleinschmidt [12] put forward arguments that from a certain point of view the sum is
a natural choice for the basic notion of mereology. Also, a system in which the binary
version of sum3 operation is taken as primitive was presented in [11] (i.e., the signature
of the language contains one binary function symbol ⊕ interpreted as fusion). We, on
the other hand, intend to axiomatize mereology with the primitive concept of sum
interpreted as a binary relation between individuals and collections of individuals.
To be more precise, we put an axiomatic system whose primitives are ‘S’ interpreted
as mereological sum, and the standard set-theoretical ‘∈’.4 Our approach is model
theoretical, that is, we put in focus structures ⟨M,S⟩ where M is the domain and S
is a binary (hybrid) relation in the Cartesian product of M and the power set of M .
We propose a set of axioms strong enough to show that the structures satisfying them
are definitionally equivalent to and in one-to-one correspondence with mereological
structures ⟨M,⊑⟩ in the sense of [17]. In the event, we prove that the mereological
sum concept can indeed replace the binary part of relation as a primitive notion of
mereology.

The paper is organized as follows. In Section 2, we briefly overview the theory of
mereological structures formulated with a primitive binary relation of parthood. In
Section 3, we formulate axioms for mereology based on the notion of mereological sum,
and we establish basic properties of sum structures. In particular, we demonstrate
that the part of relation is definable in the framework of sum structures and satisfies
all standard axioms for mereological structures. Section 4 contains the proof that all
sum axioms hold in mereological structures, with the sum defined in the standard
way. Together with the results from Section 3 this shows that the two approaches
are definitionally equivalent and that there is a one-to-one correspondence between
mereological and sum structures. In Section 5 we prove the independence of the set of
axioms for the sum relation, and in Section 6 we take the stock of the paper outcomes
and put forward problems for future work.

1See [16], [3, Chapter 2.4] and [19, Chapter IV] for more on the axiomatizations of mereology with these
primitives.

2For the former analysis see [3, 6, 7, 8, 10, 18, 19, 20], for the latter [2, 3, 22], to mention a few.
3In all three papers, the authors use the term ‘fusion’ in place of our ‘sum’.
4Although mereology was conceived as a foundational alternative to the membership-based theory of

sets, today we know that it failed in this endeavor (see, e.g., 9). Therefore, theories that employ both
parthood and membership can be and have been used, depending on the goals to be achieved. As our aim is
to treat mereology as the object of our study, we need a framework to carry it out. The choice in the form
of the standard set theory locates this paper in the now well-established tradition of meta-mereological
investigations in the sense of [19].
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In the paper, we use standard logical notation. Moreover, we abbreviate ‘¬∃’ with
‘∄’. For any set X, P(X) is the set of all subsets of X, and P+(X) the set of all its
non-empty subsets.

2 Mereological structures
In this section, we concisely review the definition of the class M of mereological struc-
tures that consists of pairs of the form ⟨M,⊑⟩, where M is a non-empty class of objects
and ⊑ ⊆ M ×M is a binary relation on M called part of relation and satisfies the
following ‘⊑-axioms’ (‘x ̸⊑ y’ abbreviates ‘¬x⊑ y’):

x⊑x , (P1)
x⊑ y ∧ y⊑x→ x = y , (P2)
x⊑ y ∧ y⊑ z → x⊑ z , (P3)

x ̸⊑ y → (∃z ∈M)
(
z⊑x ∧ (∄u ∈M) (u⊑ z ∧ u⊑ y)

)
, (P4)

(∀X ∈ P+(M))(∃x ∈M)
(
(∀y ∈ X) y⊑x ∧

(∀a ∈M) (a⊑x→ (∃y ∈ X)(∃z ∈M) (z⊑ y ∧ z⊑ a))
)
.

(P5)

The axioms (P1)-(P3) require the relation ⊑ to be a partial order, i.e. it is reflexive,
anti-symmetric, and transitive. The axiom (P4) states that if an object x is not part
of y, then x has a part z that has no common parts with y. Finally, (P5) reads that for
any non-empty collection X of objects, there exists an object x such that (i) all objects
in X are parts of x and (ii) any part of x has common parts with some object in X.

The axioms (P4) and (P5) can be made more perspicuous with the help of the
following derived notions of, respectively, overlap and disjointness (or incompatibility):

x⃝⊑ y
df←→ (∃z ∈M) (z⊑x ∧ z⊑ y) , (df⃝⊑)

x ⊥⊑ y
df←→ (∄z ∈M) (z⊑x ∧ z⊑ y) , (df ⊥⊑)

and the standard notion of mereological sum, which is a hybrid relation between
elements of the domain and its subsets:

x S⊑ X
df←→ (∀y ∈ X) y⊑x ∧ (∀a ∈M) (a⊑x→ (∃y ∈ X) a⃝⊑ y) . (df S⊑)

With these we can express (P4) and (P5) as:

x ̸⊑ y → (∃z ∈M) (z⊑x ∧ z ⊥⊑ y) , (P4′)
(∀X ∈ P+(M))(∃x ∈M)x S⊑ X . (P5′)
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Usually (P4′) is called the strong supplementation principle and (P5′) the unrestricted
sum axiom. The axiom system we employ is presented and analyzed in [17] and is one
of the possible modern formulations of Leśniewski’s mereology.5

Similarly to (df⃝⊑) and (df ⊥⊑), we introduce the following notions of S⊑-overlap
and S⊑-disjointness:

x⃝S⊑
y

df←→ (∃X,Y ∈ P(M))(x S⊑ X ∧ y S⊑ Y ∧X ∩ Y ̸= ∅) , (df⃝S⊑
)

x ⊥S⊑ y
df←→ (∀X,Y ∈ P(M))(x S⊑ X ∧ y S⊑ Y → X ∩ Y = ∅) . (df ⊥S⊑)

The intended interpretation behind ⃝S⊑
is clear: x and y S⊑-overlap if they sum

collections that share at least one object. W.r.t. the relations between ⃝⊑ and ⃝S⊑
,

and ⊥⊑ and ⊥S⊑ , we have the following:
Fact 1. For any ⟨M,⊑⟩ ∈M, it holds that:

x⃝S⊑
y ←→ x⃝⊑ y ,

x ⊥S⊑ y ←→ x ⊥⊑ y .

Proof. We only consider the first equivalence, the other is similar.
(→) If x S⊑ X and y S⊑ Y and z ∈ X ∩ Y , then from (df S⊑) we obtain that

z⊑x ∧ z⊑ y. Therefore x⃝⊑ y by (df⃝⊑).
(←) Let z⊑x and z⊑ y. We define X := {x, z} and Y := {y, z}. By (P1), x⊑x

and y⊑ y. Then, with (df S⊑) we have x S⊑ X and y S⊑ Y . Obviously, X ∩ Y ̸= ∅.
So, by (df⃝S⊑

), it holds that x⃝S⊑
y, as desired.

It was Leśniewski’s idea that the notion of part can be characterized by means of
the notion of mereological sum in the following way:6

x is part of y iff there is a collection of objects X such that x is among X-es
and y is a mereological sum of X.

Let us observe that for S⊑ the above can be proven to obtain.
Fact 2. If ⟨M,⊑⟩ ∈M, then:

x⊑ y ←→ (∃X ∈ P(M)) (y S⊑ X ∧ x ∈ X) .

Proof. (→) If x⊑ y, then take X := {y, x}. It is routine to check that y S⊑ X.
(←) If X is such that y S⊑ X, then directly from (df S⊑) we have that every

element of X is part of y. In particular x⊑ y, as x ∈ X by assumption.

Our idea in what follows is to take the equivalence above as a definition of the part-
of relation with the notion of sum as primitive. That is, with S being the primitive

5As is well known, the system is not independent as the reflexivity of the part-of relation can be derived
from transitivity and strong supplementation. For more on mereology and its meta-properties, see e.g.,
[3, 19, 22].

6For details and the discussion of Leśniewski’s approach to collections and sets see [19, Chapter 1].
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sum, we want ⊑S (i.e., parthood defined using S) to behave as the well-known parthood
relation. As Fact 2 demonstrates, for ⊑ and S⊑ we have:

⊑ = ⊑S⊑ (2.1)

that is the primitive parthood relation and the relation of parthood defined in terms
of S⊑ coincide.

Thus, one of the particular problems for S to be solved is to find appropriate
axiomatization for which the relation ⊑S will be such that

S = S⊑S
(2.2)

i.e., the primitive sum and the sum defined by means of ⊑S will be the same. (2.1)
and (2.2) together will be useful in establishing a one-to-one correspondence between
part-of relations and mereological sums.

3 Sum structures
In this part, we present another approach to mereology, with the mereological sum
as the primitive, which has not been considered so far in the literature. Given a class
of objects M , our starting point is a binary relation S ⊆ M × P(M) whose intended
interpretation is as follows: x S X iff x is a mereological sum of the collection X. For
the relation, we assume the following postulates:

(∀X ∈ P+(M))(∃x ∈M)x S X , (S1)
x S X ∧ y S X → x = y , (S2)

x S X ∧ y S Y ∧ x ∈ Y → y S X ∪ Y , (S3)

x S X ∧ x S Y ∧ y ∈ Y →
(∃z ∈ X)(∃Z,U ∈ P(M)) (z S Z ∧ y S U ∧ Z ∩ U ̸= ∅) .

(S4)

Before showing the fifth and the last axiom for S, let us first explain the ideas of
the principles above. Axiom (S1) states that every non-empty collection has a sum.
Principle (S2) indicates that any collection X of objects has at most one sum. So, (S1)
and (S2) imply that any non-empty collection of objects has exactly one sum. Next,
property (S3) shows that whenever y is a sum of Y and a collection X of objects has
a sum in Y , the object y is a sum of the augmented collection X ∪ Y . Finally, (S4)
says that if two collections X,Y of objects have the same sum, then for each object in
one collection, there is another object in the other collection such that the two objects
are sums of collections with some common objects.

The meaning of (S3) and (S4) might be made clearer with the help of the following
notions of s-part and s-overlapping relations (we also define s-disjointness that will
be used later):

x⊑S y
df←→ (∃X ∈ P(M)) (y S X ∧ x ∈ X) , (df ⊑S)
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x⃝S y
df←→ (∃X,Y ∈ P(M)) (x S X ∧ y S Y ∧X ∩ Y ̸= ∅) , (df⃝S)

x ⊥S y
df←→ (∀X,Y ∈ P(M)) (x S X ∧ y S Y → X ∩ Y = ∅) . (df ⊥S)

(df ⊑S) is a formal embodiment of the Leśniewski’s idea that x is part of y iff there
is a collection X of objects such that x is among X-es, and y is a collective class
of X-es. The intended interpretation behind ⃝S is clear: x and y s-overlap if they
sum collections that share at least one object. With the two definitions, (S4) can be
equivalently reformulated in the following more perspicuous way:

x S X ∧ y⊑S x→ (∃z ∈ X) y⃝S z , (S4◦)

which can be interpreted as follows: if x sums X and y is an s-part of x, then in X
there is a z that s-overlaps y.

Let us observe that
Theorem 1. If ⟨M,S⟩ satisfies (S2)–(S3), then ⊑S is anti-symmetric and transitive.

Proof. For anti-symmetry, assume that x⊑S y and y⊑S x. Thus there are sets Y and
X such that x S X and y ∈ X, and y S Y and x ∈ Y . By (S3) it is the case that
x S X ∪ Y and y S X ∪ Y , so x = y by (S2).

For transitivity, let x⊑S y and y⊑S z. So, by (df ⊑S) there are sets Y and Z such
that y S Y and x ∈ Y , and z S Z and y ∈ Z. By (S3) we get that z S Z ∪Y , and since
x ∈ Z ∪ Y we get that x⊑S z, which ends the proof.

3.1 The fifth axiom for the sum relation
Let us now introduce our final axiom for S. For any x ∈M let:

PS(x) := {y ∈M | y⊑S x} (df PS)

and for any subset A of the domain M let:

PS(A) :=
⋃
a∈A

PS(a) .

Let us call a set A ∈ P(M) pre-dense in a set B ∈ P(M) iff for every b ∈ B there is
a ∈ A such that a⃝S b. Thus, our next axiom is:

X is pre-dense in PS(x)→ x S PS(x) ∩ PS(X) . (S5)

stating that if every s-part of x s-overlaps some object of X, then x is a sum of the
collection consisting of the common s-parts of objects in X and the s-parts of x. On
a less formal note, if X is pre-dense in PS(x), then PS(X) has enough s-parts of x to
add up to x.

We write S for the class of structures ⟨M,S⟩ satisfying the axioms (S1)–(S5).
Every element of S will be called a sum structure. In the remainder of the article, we
will mainly work with the class S, and as we shall see, the axioms are well-chosen in
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that they are a precise characterization of classical mereology, but now with a new
primitive S.
Lemma 1. If ⟨M, S⟩ ∈ S, then for every y ∈ M , {y} is pre-dense in PS(y), so for
every y ∈M , y S PS(y).

Proof. Let a ∈ PS(y), i.e., there is A ∈ P(M) such that y S A and a ∈ A. By (S4) there
is b ∈ A such that PS(b)∩PS(a) ̸= ∅, and so PS(a) ̸= ∅. But by Theorem 1 it is the case
that PS(a) ⊆ PS(y), so PS(a) ∩ PS(y) ̸= ∅. This shows that {y} is pre-dense in PS(y).
Applying now (S5) we get that y S PS(y) ∩ PS({y}), which means that y S PS(y).

With the help of the lemma we can prove a condition that is closely related to the
well-known weak supplementation principle.7
Theorem 2. If ⟨M,S⟩ ∈ S, then:

x S {y} → x = y . (3.3)

Proof. Suppose x S {y}. If z ∈ PS(x), then by (S4) it is the case that z⃝S y, so {y}
is pre-dense in PS(x). Thus, by (S5) x S PS(x) ∩ PS(y). However, by the assumption
y⊑S x, so by the transitivity of ⊑S we have that PS(y) ⊆ PS(x), and so x S PS(y). By
Lemma 1 it is the case that y S PS(y), and so by (S2) x = y.

Since for any x ∈M by (S1) there is a y such that y S {x}, by Theorem 2 we get
that:

x S {x} , (3.4)
and so it follows that
Theorem 3. The relation ⊑S is reflexive, and so it is a partial order by Theorem 1.

We also obtain that
(∀x ∈M) PS(x) ̸= ∅ . (3.5)

Corollary 1. If ⟨M, S⟩ ∈ S, then for no x ∈M , x S ∅.

Proof. Assume that x S ∅. By (3.4) we have that x S {x}, and so (S4) entails that
there is a z ∈ ∅, a contradiction.

Lemma 2. For any ⟨M,S⟩ ∈ S:
(1) X ⊆ PS(x)→ PS(X) ⊆ PS(x) ,
(2) x S X → x S PS(x) ∩ PS(X) ,
(3) x S X → PS(X) ⊆ PS(x) ,
(4) x S X ←→ x S PS(X) .

Proof. (1) Let X ⊆ PS(x) and pick a ∈ PS(X). So there is a x0 ∈ X such that a⊑S x0.
By the assumption, we have that x0⊑S x, so also a⊑S x by Theorem 1. Thus a ∈ PS(x).

(2) Assume that x S X. By (3.5) we have that PS(x) ̸= ∅. Pick an arbitrary element
y from PS(x), i.e., there is Y ∈ P(M) such that x S Y and y ∈ Y . Applying (S4◦) to
x S X, x S Y and y ∈ Y , we conclude that there is a u ∈ X such that u⃝S y, so X is
pre-dense in PS(x). By (S5) it holds that x S PS(x) ∩ PS(X), as required.

7See [19, Lemma 4.1.(iii)].
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(3) Let x S X and y ∈ PS(X). So there is x0 ∈ X such that y⊑S x0. But x0⊑S x,
so by Theorem 1 we get that y ∈ PS(x).

(4) (→) This part follows from (2) and (3).
(←) Assume that x S PS(X). Thus PS(X) ̸= ∅, and so X ̸= ∅. Therefore by (S1)

there is a x0 ∈M such that x0 S X. From the first part of the proof of this point, we
get that x0 S PS(X), and so x = x0 by (S2).

Observe that (S5) and Lemma 2 (1) imply that:

X is pre-dense in PS(x) ∧X ⊆ PS(x)→ x S X . (3.6)

3.2 The sigma operation
Given a sum structure ⟨M,S⟩ with every x ∈ M we can associate the family of
collections such that x sums every one of its elements. Formally, we define an operation
ΣS : M → P(P(M)) such that

ΣS(x) := {X ∈ P(M) | x S X} . (df ΣS)

With the axioms introduced so far, we can prove that there is no sum of the empty
collection:

(∄x ∈M)x S ∅ so (∄x ∈M) ∅ ∈ ΣS(x) . (3.7)
It holds that:

Theorem 4. For any ⟨M, S⟩ ∈ S, the family {ΣS(x) | x ∈ M} is a partition of
P+(M).

Proof. Firstly, (3.4) entails that

(∀x ∈M) {x} ∈ ΣS(x) and so (∀x ∈M) ΣS(x) ̸= ∅ .

Secondly, by (S1) and (3.7) we have that

P+(M) =
⋃

x∈M

ΣS(x) .

Thirdly, by (S2) we obtain that

ΣS(x) ∩ ΣS(y) ̸= ∅ → ΣS(x) = ΣS(y) .

It is routine to verify that:

PS(x) =
⋃

ΣS(x) .

Intuitively, if we have a family of sets such that x ∈M is the sum of each set from
the family, then taking all elements from the sets together should give us nothing more
than x:

∅ ≠ A ⊆ ΣS(x)→
⋃
A ∈ ΣS(x) . (SΣ)
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a b

{a} {a, b} {b}

Fig. 1 A two-element structure ⟨M, S⟩, in which (S1)–(S4), (SΣ) and (3.3) all hold but (S5) fails.

Indeed, we have
Theorem 5. (SΣ) holds in every sum structure.

Proof. Assume that ∅ ̸= A ⊆ ΣS(x). If a ∈
⋃
A, then there is a set A ∈ A such that

a ∈ A. Since x S A, we have that a ∈ PS(x). So (a)
⋃
A ⊆ PS(x).

Next, let z ∈ PS(x). Then, there is some Z ∈ P(M) such that x S Z and z ∈ Z.
Note that A ̸= ∅, and let Y ∈ A. Therefore, x S Y . Applying (S4) to x S Y , x S Z
and z ∈ Z we conclude that there is some y ∈ Y such that PS(y) ∩ PS(z) ̸= ∅. It is
easy to see that y ∈

⋃
A. Therefore,

⋃
A is is pre-dense in PS(x) and so by (a) and

(3.6) we obtain that x S
⋃
A.

(SΣ) is an elegant and «natural» postulate about the sum relation. However, it is
strictly weaker than (S5), as can be seen in Figure 1:8 it is simple to check that {b} is
pre-dense in PS(a) and that PS(a) ∩ PS(b) = {b}, but a S {b} fails, which violates the
axiom. Even (SΣ) and (3.3) together cannot replace (S5) as can be seen in the same
model.9

3.3 The equivalence of derived notions
By means of (df ⊑S) we introduced a derived notion of an s-part that—as we have
seen in Theorem 3—is a partial order. By means of it, we can define the standard
notions of overlapping and disjointness:

x⃝⊑S
y

df←→ ∃z∈M (z⊑S x ∧ z⊑S y) , (df⃝⊑S
)

x ⊥⊑S
y

df←→ ¬∃z∈M (z⊑S x ∧ z⊑S y) , (df ⊥⊑S
)

and the notion of mereological sum with respect to ⊑S:

x S⊑S
X

df←→ (∀y ∈ X) y⊑S x ∧ (∀z ∈M) (z⊑S x→ (∃y ∈ X) y⃝⊑S
z) .

The above is of course nothing but (df S⊑) with ⊑S in place of the unspecified part-of
relation.

It is easy to see that:

8Diagrams for the sum relation are to be interpreted in the following obvious way: a dashed arrow from
an object x to a set X indicates that x is a sum of X.

9One of the referees asked for a more explicit explanation of logical importance of the notion of sigma
operation. This is a good point, but such an elaboration would lead us too far away from the gist of the
current study. However, as we are currently working on an approach to mereology that puts the sigma
operation in the center, we will comply with the reviewer’s request in the form of an independent work.
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Fact 3. For any ⟨M,S⟩, it holds that :

x⃝S y ←→ PS(x) ∩ PS(y) ̸= ∅ ←→ x⃝⊑S
y ,

x ⊥S y ←→ PS(x) ∩ PS(y) = ∅ ←→ x ⊥⊑S
y .

A somewhat harder task is to demonstrate that S⊑S
coincide with S. Let’s get

down to work.
Lemma 3. For any ⟨M, S⟩ satisfying (S4), if x S X, then x S⊑S

X.

Proof. Assume that x S X. Directly from (df ⊑S) we get that (∀y ∈ X) y⊑S x. Further,
if y⊑S x, then by (df ⊑S) there is a Y such that y ∈ Y and x S Y . Therefore by (S4◦)
there is some z ∈ X such that z⃝S y, and by Fact 3 it is the case that z⃝⊑S

y, as
required. So, by (df S⊑) it holds that x S⊑S

X.

Let us now prove the converse of Lemma 3:
Lemma 4. For any ⟨M, S⟩ ∈ S, if x S⊑S

X, then x S X.

Proof. We assume that x S⊑S
X. Then, it holds that

(a) X ⊆ PS(x), and
(b) for all a ∈M , if a ∈ PS(x), then there is y ∈ X such that PS(y) ∩ PS(a) ̸= ∅.
Applying (S5) to (b) we obtain that x S PS(x)∩PS(X). By (a) and Lemma 2 (1) it is
the case that x S PS(X). So x S X by Lemma 2 (4).

Putting together Lemma 3 and Lemma 4, we have the following
Theorem 6. For any ⟨M,S⟩ ∈ S, it holds that :

x S X ←→ x S⊑S
X .

3.4 Parthood axioms in the sum setting
We have already seen that the binary relation ⊑S is a partial order. To show that it
deserves the name parthood we need to know that both (P4) and (P5) hold for it. The
latter is an immediate consequence of Theorem 6 and (S1). For the former we use the
following:
Theorem 7 (19, Theorem 6.1). The condition (P4) holds in all structures that satisfy
(P1)–(P3), (P5) and :

x S⊑ X ∧ y S⊑ X → x = y .

Since the above property holds for ⊑S due to (S2) and Theorem 6, in consequence we
have that:

x ̸⊑S y → (∃z ∈M) (z⊑S x ∧ z ⊥⊑S
y) (P4′)

obtains in any structure from S. Therefore
Theorem 8. If ⟨M, S⟩ ∈ S and ⟨M,⊑S,S⟩ is its definitional extension by (df ⊑S),
then ⟨M,⊑S,S⟩ satisfies all ⊑-axioms.

10



4 The sum axioms in mereological structures
To show the adequateness of our approach, it remains to demonstrate that
Theorem 9. If ⟨M,⊑⟩ ∈M and ⟨M,⊑,S⊑⟩ is its definitional extension by (df S⊑),
then ⟨M,⊑,S⊑⟩ satisfies all S-axioms.

Proof. (S1) Immediate from (P5) and (df S⊑).
(S2) Let x S⊑ X and y S⊑ X. If u⊑x, then by (df S⊑) there is an a ∈ X such

that a⃝⊑ u. But, again by the definition, a⊑ y, so by the arbitrariness of u and by
(P4), we obtain that x⊑ y. In the analogous way we prove that y⊑x, so from the
antisymmetry of parthood, we obtain that x = y.

(S3) Assume x S⊑ X, y S⊑ Y and x ∈ Y . If a ∈ X, then a⊑x. But x⊑ y by
(df S⊑), so transitivity of parthood entails that a⊑ y, as required. If a ∈ Y , then a⊑ y
from the same definition and from the second assumption. Finally, if a⊑ y, then there
is an a ∈ Y (and the more so in X ∪ Y ) such that a⃝⊑ y.

(S4) Suppose x S⊑ X and x S⊑ Y and y ∈ Y . Since y⊑x, in X there is a u
such that y⃝⊑ u. Put Z := {w ∈ M | w⊑ y} and U := {w ∈ M | w⊑u}. Clearly,
Z ∩ U ̸= ∅ and y and u are sums of, respectively, Z and U .

(S5) Observe that for S⊑, PS⊑(x) = {y ∈ M | y⊑x} (recall 2.1). Let X be pre-
dense in PS⊑(x). It is clear that every element of PS⊑(x)∩PS⊑(X) must be part of x.
On the other hand, if y⊑x, then in X there is an a such that a⃝⊑ y. Assume that b
is one of their common parts, i.e., b⊑ a and b⊑ y. Then, for this b, by the reflexivity
of ⊑ it holds that b⊑ b, and so b⃝⊑ y. Moreover, it follows from the transitivity of ⊑
that the object b is an element of PS⊑(x) ∩ PS⊑(X), so (S5) holds for S⊑.

All the points above together show that any definitional extension of a mereological
structure by means of (df S⊑) satisfies the axioms for the mereological sum.

5 Independence of the axioms for the sum relation
We will now show that
Theorem 10. (S1)–(S5) is an independent set of axioms.

Proof. (S1) Consider the structure ⟨M,S⟩, where M := {a, b} and S consists of a S {a}
and b S {b}. So, the collection {a, b} does not have any sum, which indicates that the
principle (S1) fails. However, it is routine to check that all the remaining axioms hold
for the structure.

(S2) For a witness, consider again the set M := {a, b} and the structure depicted
in Figure 2. We have a S {a, b} and b S {a, b}, but a ̸= b. So (S2) fails. But all other
axioms are satisfied, as needed.

(S3) To make the presentation clear, we will construct a suitable model from a
non-transitive part-of relation depicted in Figure 3. The diagram is to be interpreted
bottom-up, e.g., 4 is part of 2, and so on. x is part of y only if there is bottom-up path
from x and y composed of lines of the same style. Thus, we see, for example, that 6 is
part of 5 and 5 is part of 3, but 6 is not a part of 3. So the relation ⊑ in the diagram
is not transitive. Let S⊑ be the sum relation for ⊑, and let us consider ⟨M,S⊑⟩. As it

11



a b

{a} {b}{a, b}

Fig. 2 A structure ⟨M, S⟩ where (S2) fails.

4 6 7

5

32

1

Fig. 3 A parthood basis for the sum structure in which (S3) fails.

a

{a} ∅

Fig. 4 A structure ⟨M, S⟩ where (S4) fails.

can be seen, 3 S⊑ {4, 5} and 5 S⊑ {6, 7} but not 3 S⊑ {4, 5, 6, 7}, as 6 ̸⊑ 3. We leave
the straightforward verification of the remaining four axioms to the reader.

(S4) Consider the structure provided in Figure 4: M := {a} and a S {a} and a S ∅.
The axiom (S4) fails in it, as there are no objects in the empty set. It can be easily
seen that all the remaining four axioms are satisfied.

(S5) A witness to this is the structure given in Figure 1.
In this way, we have shown that the axioms are independent from each other, and

the proof is finished.

6 Summary and further work
We have presented and analyzed well-justified axioms for a system of mereology in
which the sum relation replaces the part-of relation as a basic concept. The system

12



composed of (S1)–(S5) works well in the sense that within it we capture the binary
parthood relation, and we prove that there is a one-to-one correspondence between
mereological structures (in the sense of 19) and the sum structures as defined here.

With respect to our axioms, (S1)–(S4) look natural, simple and have an immediate
interpretation. (S5), on the other hand, formulated in the two primitives of the theory,
S and ∈, is more complex:

(∀y ∈ M)
[
(∃Z ∈ P(M))(x S Z ∧ y ∈ Z) → (∃u ∈ X)(∃Y, U ∈ P(M))(y S Y ∧ u S U ∧ Y ∩ Z ̸= ∅)

]
→

x S
⋃
u∈X

{y ∈ M | (∃U1, U2 ∈ P(M)) (x S U1 ∧ u S U2 ∧ y ∈ U1 ∧ y ∈ U2)} .

We believe that it can be replaced by simpler conditions, which we hope to discover in
future investigations into the sum structures. We also believe that the sigma operation
from Section 3.2 may be employed to obtain a completely new abstract perspective
on theories of parts and wholes. Another possibility for the development of ideas from
the paper is the investigation of sum-based axiomatizations of systems of mereology
weaker than (P1)–(P5).

The theory from this paper falls within the scope of second-order systems. There
are also other formal tools that are suitable for studying different relations, among
which modal logic is an important tradition. As suggested in [1], the tool usually
has lower computational complexity although it is essentially a second-order theory,
while many theories of mereology are undecidable (see e.g., 21). Based on a relational
semantics, Li and Wang [14] defined a series of mereological theories for ⊑, but it
remains to build a desired modal system that corresponds to our axioms for S, for
which the neighborhood semantics (see, e.g., 15) would be useful. The development of
this kind of approach is going to be our next step.
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