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Abstract

We provide a partial classification of positive linear maps in matrix algebras which is based
on a family of spectral conditions. This construction generalizes celebrated Choi example of
a map which is positive but not completely positive. It is shown how the spectral conditions
enable one to construct linear maps on tensor products of matrix algebras which are positive
but only on a convex subset of separable elements. Such maps provide basic tools to study
quantum entanglement in multipartite systems.

1 Introduction

One of the most important problems of quantum information theory [I] is the characterization
of mixed states of composed quantum systems. In particular it is of primary importance to
test whether a given quantum state exhibits quantum correlation, i.e. whether it is separable
or entangled. For low dimensional systems there exists simple necessary and sufficient condi-
tion for separability. The celebrated Peres-Horodecki criterium [2], 3] states that a state of a
bipartite system living in C2® C? or C2®@ C? is separable iff its partial transpose is positive.
Unfortunately, for higher-dimensional systems there is no single universal separability condition.

It turns out that the above problem may be reformulated in terms of positive linear maps in
operator algebras: a state p in H; ® Hs is separable iff (id ® ¢)p is positive for any positive map
o which sends positive operators on Hs into positive operators on H;. Therefore, a classification
of positive linear maps between operator algebras B(H;) and B(Hs) is of primary importance.
Unfortunately, in spite of the considerable effort, the structure of positive maps is rather poorly
understood [4]-[26]. Positive maps play important role both in physics and mathematics pro-
viding generalization of x-homomorphism, Jordan homomorphism and conditional expectation.
Normalized positive maps define an affine mapping between sets of states of C*-algebras.

In the present paper we perform partial classification of positive linear maps which is based
on spectral conditions. Actually, presented method enables one to construct maps with a desired
degree of positivity — so called k-positive maps with &k = 1,2,...,d = min{dim Hy, dim Hs}.
Completely positive (CP) maps correspond to d-positive maps, i.e. maps with the highest
degree of positivity. These maps are fully classified due to Stinespring theorem [27], 28]. Now,
any positive map which is not CP can be written as ¢ = ¢4 — ¢_, with ¢4 being CP maps.
However, there is no general method to recognize the positivity of ¢ from ¢ — ¢_. We show
that suitable spectral conditions satisfied by a pair (¢4, p_) guarantee k-positivity of ¢ —p_ .
This construction generalizes celebrated Choi example of a map which is (d — 1)-positive but
not CP [6].
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From the physical point of view our method leads to partial classification of entanglement
witnesses. Recall, that en entanglement witness is a Hermitian operator W € B(H; ® Hz) which
is not positive but satisfies (hy ® ho, W hy ® hy) > 0 for any h; € H;.

Interestingly, our construction may be easily generalized for multipartite case, i.e. for con-
structing entanglement witnesses in B(H; ® ... ® H,,). Translated into language of linear maps
from B(H2® ... ® H,,) into B(H1) presented method enables one to construct maps which are
not positive but which are positive when restricted to separable elements in B(Ha® ... @ Hy,).
To the best of our knowledge we provide the first nontrivial example of such a map (nontrivial
means that it is not a tensor product of positive maps).

2 Preliminaries

Consider a space L(H1, Hz) of linear operators a : Hy — Ha, or equivalently a space of d; X da
matrices, where d; = dim H; < co. Let us recall that £(H;, Hs) is equipped with a family of Ky
Fan k-norms [29]: for any a € L(H1, Hs2) one defines

k
lalle == sia), (2.1)
i=1
where s1(a) > ... > s4(a) (d = min{d;,ds}) are singular values of a. Clearly, for k¥ = 1 one
recovers an operator norm ||al|ly = ||a|| and if d; = dy = d, then for k¥ = d one reproduces a
trace norm || a||g = || a ||t The family of k-norms satisfies:
Lo flalle <laller
2. |lal|lx =||allg+1 if and only if ranka =k,

3. if ranka >k +1,then ||lallz <|la|lps1 -

Note, that a family of Ky Fan norms may be equivalently introduced as follows: let us define
the following subset of B(H)

Pu(H)={peBH): p=p =p>, trp=Fk}. (2.2)
Now, for any p € Px(Hz) define the following inner product in £(H1, H2)
(a,b)p := tr[(pa)*(pb)] = tr (a”pb) = tr (pba®) . (2.3)

It is easy to show that

2 *
ally = max (a,a), = max tr(paa”) . 2.4
lallf = max (a.a)y= mas i (pac’) 24)

Thought out the paper we shall consider only finite dimensional Hilbert spaces. We denote by
M, a space of d x d complex matrices and I; is a identity matrix from M.

Proposition 1 For arbitrary projectors P and @ in 'H
1QPQI| = PQP]| . (2.5)



Proof. One obviously has

1QPQI = [|QP@QP)* || = [ (QP)*] , (2.6)
and

| PQP | = || PRIPQ)* || = | (PQ)*|I . (2.7)
Now, due to || A% || = || A*2|| = || A||?> one obtains

1(@P)* || = [(@QP)?[| =1 (PQ)*|| , (2.8)
which ends the proof. O

Consider now a Hilbert space being a tensor product H; ® Hs. Let us observe that any rank-1
projector P in Hi ® Ho may be represented in the following way

dy
P = Z €45 ®F€Z’jF* , (29)
ij=1
where F': H; — Ho and tr FF* = 1. Moreover, {e1, ..., eq, } denotes an arbitrary orthonormal

basis in Hy, and e;; := |e;)(e;| € B(H1). Note, that P = [¢)(¢|, where

di
wzzei(@Fei . (2.10)
i=1
It is easy to see that
SR(¢)) = rank F' , (2.11)

where SR(¢)) denotes the Schmidt rank of ¢ (1 < SR(¢)) < d), i.e. the number of non-vanishing
Schmidt coefficients in the Schmidt decomposition of . It is clear that F' does depend upon
the chosen basis {ei,...,eq }. Note, however, that F'F* is basis-independent and, therefore, it
has physical meaning being a reduction of P with respect to the first subsystem,

FF* =tr P . (2.12)

Proposition 2 Let P be a projector in H1 ® Ha represented as in (2.4) and Q = I, ® p, where
p € Px(Ha). Then the following formula holds

|| (Iq, @ p) P(Ig, @ p) || = tr(pFF*) , (2.13)
and hence

| (La, @ p)P(La, @p) || < || FI% - (2.14)

Proof. Due to Proposition [Il one has

| (I, ©p)P(la, @p) || = || P(Ia, @ )P, (2.15)



and hence

d1

| (Iay © p)P(Lyy @p) || = tr[P(La, ®p)] = Y tr(FeyiF*p) = tr(FF*p) , (2.16)
i=1

where we have used z;tl eii =g, . O

Note, that if ' = V/y/dy, where V is an isometry VV* = I;,, then P is a maximally entangled
state

di
1 *
P = d_1 Z €ij ®V€Z‘jV R (2.17)
i,j=1
and one obtains in this case
k
| (La, @ p) P(lg, ®@p) || = i LE]} - (2.18)

3 Entangled states vs. positive maps

Let us recall that a state of a quantum system living in H; ® Hs is separable iff the corresponding
density operator o is a convex combination of product states o1 ® 5. For any normalized positive
operator o on Hq1 ® Hy one may define its Schmidt number

SN(o) = min {mkax SR(%)} , (3.1)

g, Yk

where the minimum is taken over all possible pure states decompositions

o= o)Wl , (3.2)

k

with oy, > 0, >, a; = 1 and 9, are normalized vectors in H; ® Ha. This number characterizes
the minimum Schmidt rank of the pure states that are needed to construct such density matrix.
It is evident that 1 < SN(o) < d = min{d;,ds}. Moreover, o is separable iff SN(c) = 1. It
was proved [30] that the Schmidt number is non-increasing under local operations and classical
communication. Now, the notion of the Schmidt number enables one to introduce a natural
family of convex cones in B(H; ® Ha)™ (a set of semi-positive elements in B(H; ® Haz)):

V,={oce€B(H1®Hs)" | SN(o)<r}. (3.3)
One has the following chain of inclusions
VicC... CVd:B(H1®H2)+ . (3.4)

Clearly, V| is a cone of separable (unnormalized) states and V'V stands for a set of entangled
states.

Let ¢ : B(H1) — B(Hz2) be a linear map such that ¢(a)* = p(a*). A map ¢ is positive iff
v(a) >0 for any a > 0.



Definition 1 A linear map ¢ is k-positive if
idy ® ¢ © My®@B(H1) — Mp®B(Hs) ,

is positive. A map which is k-positive for k =1,...,d = min{dy,ds} is called completely positive
(CP map).

Due to the Choi-Jamiotkowski isomorphism [0, 8] any linear adjoint-preserving map ¢ : B(Hy) —
B(Hz) corresponds to a Hermitian operator ¢ € B(H; ® Ha)

d1

(,/5:: Z €ij ®90(eij) . (3.5)

ij=1
Proposition 3 A linear map ¢ is k-positive if and only if
(Ig, @ p)p(lg, ®p) >0, (3.6)
for all p € Pr(Hz). Equivalently, ¢ is k-positive iff tr(c@) >0 for any o € V.

Corollary 1 A linear map ¢ is positive iff tr(cp) > 0 for any o € V1, i.e. or all separable
states o. Moreover, ¢ is CP iff tr(c@) >0 for any o € Vg, i.e. ¢ > 0.

4 Main result

It is well known that any CP map may be represented in the so called Kraus form [31]
wcp(a) = ZKQCLKZ , (4.1)
(6%

where (Kraus operators) K, € L£(Hi,Hs). Any positive map is a difference of two CP maps
w = @y —w_. However, there is no general method to recognize the positivity of ¢ from p —p_.
Consider now a special class when @ and @_ are orthogonally supported and ¢_ = A\ Py, with
P; being a rank-1 projector. Let

D
p(a) =Y MaFaaF; — M FraFy (4.2)
a=2

such that
1. all rank-1 projectors P, = dl_1 Z?fj:l eij @ Fpe;; F;, are mutually orthogonal,
2. Ay >0, fora=1,...,D, with D := dids.

Theorem 1 Let || Fy || < 1. If

2
55 AMF;

> ATk oo, — P 4.3
+ 1_HF1Hi(d1 do 1) ( )

then ¢ is k-positive.



Proof. Let p € Py(Hz). Take a unit vector ¢ € (I, ® p)CH @ C® and set

MR

= (4.4)
L—||F]}
One obtains
(67 (Hch ®p)@(ﬂd1 ®p)§) e (N + )‘1)(67 (Hd1 ®p)P1 (]Id1 ®p)€) . (45)
Now, using Proposition 2] one has
(&, (Ia, @ p)PL(Ig, @ p)E) < || (Ia, @ p) P (g, @ p) || < ||F1[IF (4.6)
and hence
(ga (Hdl ®p)$(]1d1 ®p)£) >0 ) (47)
which proves k-positivity of . |
Remark 1 Note, that condition (£3]) may be equivalently rewritten as follows
Aa>ph; a=2,....D (4.8)

with u defined in (4.4).

Remark 2 Ifd; = dy = d and P is a maximally entangled state in C*@ C¢,i.e. F =U / v/ d with
unitary U, then the above theorem reproduces 25 years old result by Takasaki and Tomiyama
[11].

Remark 3 For d; = dy = d, k =1 and arbitrary P; the formula ([4.8) was derived by Benatti
et. al. [21].

The above theorem may be easily generalized for maps where rank _ = m > 1. Consider
D m
pla) = Y MaFoaaF;—> NaFoakF} (4.9)
a=m+1 a=1
with A, > 0.

Theorem 2 Let Y o' | || Fo |2 < 1. If

M IRl d
Py 2 o Ty ©Tg, — Y P (4.10)
ST R DL

then o s k-positive.

The proof is analogous.



Remark 4 Note, that condition (£3]) may be equivalently rewritten as follows
Ae>v; a=m-+1,...,D, (4.11)

with v defined by

1_221:1"17&”% ' '

Let us note that the condition A, > 0 may be easily relaxed. One has the following

Corollary 2 Consider a map ({{-9) such that \1 = ... =X =0 ({ <m) and N\p41,...,Ap > 0.
If
~ >oer Al [Fall .
P+ > = m Hd ®Hd - Pa ) (413)
L= 1Bl 7 ™ ;

then ¢ is k-positive.
Consider again the map (4.2]).
Theorem 3 Let || Fy || < 1. If

. M2

——5 (1 I, — P, 4.14

then @ is not k-positive.

Proof. To prove that ¢ is not k positive we construct a vector &y € C% @ C% such that

(6o, (Iq, ®po)P(La, ® po)éo) <0, (4.15)

for some py € Pr(C%®). Now, take any p € Pj(C%®) such that

N? = tr(pFL FY) | (4.16)
is finite. Define J
1
E=N"1D ei@pFie; . (4.17)
=1

Assuming (.14 one finds

(& (I, @p)p(la, @p)§) < p— (1 + M)(&, (Ig, @p)Pr(Ig, @ p)E)
ﬁ IIFIR — € @s ep) P @p)O)] . (418)

with u defined by ([£4)). Now, it is easy to show that

(57 (]Id1 ®p)P1 (]Id1 ®p)€) = tr(p*Fl*Fl*) ) (419)



and therefore "
(€, © D)3l ©p)8) < s 1P = R D)) (4.20)
k

Finally, let us observe that since P (C%) is compact there exists a point py € Pj(C%) such that

Tr(poFLFY) = ||F1II - (4.21)

Hence
(05 (Iq, @ po)@(la, ®po)éo) <0, (4.22)
with & = ||F [ S e @poFie; O

Corollary 3 Let ||Fi||k+1 < 1. A map ({.3) is k-positive but not (k + 1)-positive if

MFR - Al F 7

AR (1, @1y, — P) > 3y > — Uk o1, — P . 4.23

TR, e ) 2 8= gy G Ste =) (029
5 Example: generalized Choi maps
Let us consider a family of maps

ox + Mg — Mg,
defined as follows
oa(a) :=Igtra — AF1aFy . (5.1)

It generalizes celebrated Choi map which is (d — 1)-positive but not CP

©Choi(a) :=Ijtra — a, (5.2)

d—1

which follows from (5.I) with F; = I4/v/d and A = d/(d — 1). If A = d, then (5.I)) reproduces
the so called reduction map

red(a) :=Igtra —a , (5.3)

which is known to be completely co-positive. One easily finds

ox =11 — APy, (5.4)
where
d
P = Z eij®F1€ijF1* . (55)
ij=1

Let fx := || F1 ||r and assume that fr11 < 1. A map ) is k-positive but not (k + 1)-positive iff

1 1
— > A > . 5.6
d fx d fr41 (5:6)
Consider a family of states
1_—
pu:—d2 —Ml (]Id®]1d—P1)+,uP1 . (57)



Computing tr(@yp,) one finds that SN(p,) = k iff

fo = 0> oo (5.8)

In particular p,, is separable iff u > fi = || F1 ||>. Note, that if P; is a maximally entangled state
then p,, defines a family of isotropic state. In this case f; = k/d and one recovers well know
result [30]: SN(p,) =k iff k/d > p > (k—1)/d.

Consider now the following generalization of (5.1]):

oa(a) =TI tra — A Z F,aF} (5.9)
a=1
and the corresponding operator
oy =1;1; — AP, (5.10)

where P is a rank-m projector given by

d m
P=>"Y e;®F.e;F; . (5.11)

ij=1a=1
A map @) is k-positive if
A< L (5.12)
d fr
where now fj, = S| Fy |2 and we assume that fr < 1. Consider a family of states
pH:H(Hd®Hd—P)+%P. (5.13)

Computing tr(@xp,) one finds that SN(p,) = k iff

fo > 1> fror (5.14)

In particular p, is separable iff p > fi = Z;n:_ll || Fy ||2. Note, that if P is a sum of m
maximally entangled state then p, defines a generalization of a family of isotropic state. In this
case fr = mk/d and one obtains: SN(p,) = k iff mk/d > p > m(k —1)/d.

6 Multipartite setting

Consider now an n-partite state p living in H1 ® ... ® H,. Recall

Definition 2 A state p is separable iff it can be represented as the convexr combination of product
states p1 ® ... ® py.

Theorem 4 An n-partite state p in H1 ® ... @ H,, is separable iff

(idogp)p >0, (6.1)
for all linear maps ¢ : B(Ha® ... @ Hy,) — B(H1) satisfying
P(p2® ... ®py) 20, (6.2)

where py, is a rank-1 projector in Hy.



Definition 3 (Generalized Choi-Jamiotkowski isomorphism) For any linear map
p:BMH2® ... @Hy,) — B(H1) ,
define an operator @ in B(H1® ... @ Hy)

@ :=di(id® ¢*) P+ | (6.3)
where Pt is the canonical mazimally entangled state in H1 @ H1, and o' denotes a dual map.
Proposition 4 A linear map

0:BH2® ... @ Hp) — B(H1) ,

satisfies (6.2) iff
tr[(p1® ... @pp) o] >0, (6.4)

for any rank-1 projectors py.

Proof. One has

tr[(p1® ... @pp) Pl =ditr[(;m @ ... @pyp) ([d® goﬁ)P+] =ditr[PT ;1 @p(p2® ... @pn)] .

(6.5)
Now, using PT = all_1 Zizzl eij ® e;; and obtains
d1
0P pr@p(p2® ... @pa)l = di' Y tr(epy) trleij(p2 @ .. @pa)l . (6.6)
ij=1
Finally, due to >, ; tr(e;ja)e;; = a”’, one finds
tf(pr® ... @pa) ] = trlpf p(P2® ... ®pn)] (6.7)
from which the Proposition immediately follows. O
Corollary 4 A linear map
0:BH2® ... @ Hp) — B(H1) ,
satisfies (62) iff
[@pe® ... 0pn) ¢ (IQP2® ... @py) >0, (6.8)

for any rank-1 projectors py.

To construct linear maps which are positive on separable states let us define the following
norm: let

Poep = {P2® ... @pn : pr=pi=ph , trpp =1}, (6.9)

10



and define an inner product in the space of linear operators L(Hi, Ho ® ... ® Hy)
(A, B)p = tr[(PA)"(PB)],

with P € Pyep. Finally, let

|4l = max (A.4)p
It is clear that
| Allsep < | Al

Consider now a linear map defined by

D
p(a) = Z Ao FoaF) — M FraFY

a=2

where D =d; ...dy, tr(F;Fg) = 64p and Ay > 0. One finds for the corresponding @

D
@ZZ)\aPa_)\lply

a=2
where the rank-1 projectors read as follows
d1
Pa = Z €ij ®Fa€ijF; .
ij=1
In analogy to Theorems [2] and [3 one easily proves

Theorem 5 Let || Fi ||sep < 1. Then ¢ is positive on separable states if and only if

)‘1HF1H§op
Mo > ey
1- ||F1||sep

fora=2,...,D.

(6.10)

(6.11)

(6.12)

(6.13)

(6.14)

(6.15)

(6.16)

Corollary 5 Let || Fi ||sep < || F1|| < 1. Then ¢ is positive on separable states but not positive

if and only if ,
Ml £ M1 [ep

— =3 > M 2 T
1—[|Fy[? T 1R,
fora=2,...,D.

Example. Consider a map

ox P Mg@Myg — Mp=M;R Mg,

defined by
ox(a) = Mg ®1gtra — FyaFy) — Foaky

11

(6.17)

(6.18)

(6.19)



with

d
1
Fy=F = ———— |Li®l— Y e;@e);| . (6.20)
2d(d — 1) P

Note that trFZ = 1 and /d(d — 1)/2 - Fp is a projector (see [32 [33] for more details). Hence

2
Fl?=—+~—. 6.21
Now, for any rank-1 projectors p,q € M, one has
1
¢ F2] - (1t 22
r[(p®Q) 0 d(d_l)( Ipq) (6.22)
and therefore 1
Fol[2, = t[ Fﬂ:i Foll? . 6.23
| FolE = max tr[0@ )R] = s < IR0 (6.23)
Corollary 6 Letd > 2, i.e. || Fy|lsep < || Fol|| < 1. For
2 1
YA B e —— D N —— 6.24
dd-1) -2 = " T dd-1-1 (6:24)

©x 1S positive on separable elements in My My but it is not a positive map.

Remark 5 To the best of our knowledge ) provides the first nontrivial example of a map
which is not positive but it is positive on separable states. Nontrivial means that it is not a
tensor product of two positive maps.

7 Conclusions

We provide partial classification of positive linear maps based on spectral conditions. Presented
method generalizes celebrated Choi example of a map which is positive but not CP. From
the physical point of view our scheme provides simple method for constructing entanglement
witnesses. Moreover, this scheme may be easily generalized for multipartite setting.

Presented method guarantees k-positivity but says nothing about indecomposability and/or
optimality. We stress that both indecomposable and optimal positive maps are crucial in de-
tecting and classifying quantum entanglement. Therefore, the analysis of positive maps based
on spectral properties deserves further study.

Acknowledgement

This work was partially supported by the Polish Ministry of Science and Higher Education
Grant No 3004/B/H03/2007/33 and by the Polish Research Network Laboratory of Physical
Foundations of Information Processing.

12



References

[1] M. A. Nielsen and I. L. Chuang, Quantum computation and quantum information, Cambridge
University Press, Cambridge, 2000.

[2] A. Peres, Phys. Rev. Lett. 77, 1413 (1996).

[3] P. Horodecki, Phys. Lett. A 232, 333 (1997).

[4] E. Stgrmer, Acta Math. 110, 233 (1963).

[5] W. Arverson, Acta Math. 123, 141 (1969).

[6] M.-D. Choi, Lin. Alg. Appl. 10, 285 (1975); ibid 12, 95 (1975).

[7] M.-D. Choi, J. Operator Theory, 4, 271 (1980).

[8] A. Jamiotkowski, Rep. Math. Phys. 3, 275 (1972).

[9] S.L. Woronowicz, Rep. Math. Phys. 10, 165 (1976).

[10] S.L. Woronowicz, Comm. Math. Phys. 51, 243 (1976).

[11] K. Takasaki and J. Tomiyama, Mathematische Zeitschrift 184, 101-108 (1983).
[12] A.G. Robertson, Quart. J. Math. Oxford (2), 34, 87 (1983)

[13] W.-S. Tang, Lin. Alg. Appl. 79, 33 (1986)

[14] H. Osaka, Lin. Alg. Appl. 153, 73 (1991); ibid 186, 45 (1993).

[15] H. Osaka, Publ. RIMS Kyoto Univ. 28, 747 (1992).

[16] S. J. Cho, S.-H. Kye, and S.G. Lee, Lin. Alg. Appl. 171, 213 (1992).
[17] S.-H. Kye, Lin. Alg. Appl. 362, 57 (2003).

[18] K.-C. Ha, Publ. RIMS, Kyoto Univ., 34, 591 (1998).

[19] K.-C. Ha, Lin. Alg. Appl. 348, 105 (2002); ibid 359, 277 (2003).

[20] A. Kossakowski, Open Sys. Information Dyn. 10, 213 (2003).

[21] F. Benatti, R. Floreanini and M. Piani, Open Systems and Inf. Dynamics, 11, 325-338
(2004).

[22] W. Hall, J. Phys. A: Math. Gen. 39, (2006) 14119.
[23] H.-P. Breuer, Phys. Rev. Lett. 97, 0805001 (2006).
[24] D. Perez-Garcia, M. M. Wolf, D. Petz and M. B. Ruskai, J. Math. Phys. 47, 083506 (2006).

[25] D. Chruscinski and A. Kossakowski, J. Phys. A: Math. Theor. 41, 215201 (2008).

13



[26] D. Chrusciniski and A. Kossakowski, Open Systems and Inf. Dynamics, 14, 275 (2007).
[27] W.F. Stinespring, Proc. Amer. Math. Soc. 6, 211 (1955).

[28] V. Paulsen, Completely Bounded Maps and Operator Algebras, Cambridge University Press,
2003.

[29] R.A. Horn and C.R. Johnson, Topics in Matriz Analysis, (Cambridge University Press,
New York, 1991).

[30] B. Terhal and P. Horodecki, Phys. Rev. A 61, 040301 (2000)

[31] K. Kraus, States, Effects and Operations: Fundamental Notions of Quantum Theory,
Springer Verlag, 1983.

[32] D. Chrusciniski and A. Kossakowski, Open Systems and Inf. Dynamics, 13, 17-26 (2006).

[33] D. Chrusciniski and A. Kossakowski, Phys. Rev. A 73, 062313 (2006).

14



	Introduction
	Preliminaries
	Entangled states vs. positive maps
	Main result
	Example: generalized Choi maps
	Multipartite setting
	Conclusions

