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This Supplemental Material contains the detailed derivation of the results reported in the main
text.

DERIVATION OF THE MASTER EQUATION

The dissipative dynamics of the dressed atom is determined by the atom-radiation interaction Hamiltonian

VAR = h/dw \/ %:) (Sta(w) +S_a'(w)), (S1)

where I'(w) vanishes if w < 0. Due to the structure of the atom-laser Hamiltonian

= ¥ X EMIG. with B(N) = (Ner - (<175 ). (52)
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the atom-radiation dynamics can yield on-shell decay of the dressed eigenstates at the frequencies qwy, and qwy, & .
Using the assumption that, for all practical purposes, the composition of the dressed eigenstates |[j(N)) in terms of
the bare states |e, N') and |g, N') only depends on N —N’, the atomic transition operators S; = |e){g| and S_ = |g){e]

can be conveniently expressed as
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actually independent of N, and
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The Lindblad operators associated to the allowed transitions can thus be expressed as
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Therefore, the dissipative part of the GKLS master equation, applied to the atom-laser density matrix o, reads
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where
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with ¢(q) the relative phase between Ag%) and (Ag‘i))* and {4, B} = AB + BA the anticommutator in the atom-laser

(q)
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Hilbert space. Expanding the expression (S9) in terms of the transition operators S} provides
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with
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FULL AND REDUCED ATOM-LASER DYNAMICS

The evolution of the atom-laser density matrix o is determined by the combination of the Markovian dissipative
dynamics (S12)) and the Hamiltonian dynamics yielded by Hay:
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From the above expression and from (S12]), one can obtain the coupled evolution equations for each element:
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After introducing the reduced density matrix elements
Ug) = Z Oi(N),j(N+¢€)> (S19)
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one can derive their dynamics by summing the above equations on N. For the elements with different indices, one
gets the decoupled equations
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with
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which can be integrated as
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(D) }ave been consistently neglected with respect to the O(lwy £Q
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terms. It is also interesting to observe that, in the standard RWA evaluation, the real part of K g) is negative, thus
providing an increase in the coherence decay rate. The reason will become clear in the last section.

The equal-index reduced density matrix elements satisfy the coupled equations

respectively. Notice that the imaginary parts of K
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A specific case is represented by the populations
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whose evolution, satisfying Iy (t) 4+ II2(¢) = 1 at all times, converges to the steady-state values
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while the coherences approach the steady-state behavior
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In general, the coupled equations (S23]) can be integrated into
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Therefore, the quantity I'yop defined in Eq. (S25) plays the role of a relaxation rate towards the steady-state regime.

SPECTRAL DENSITY OF EMITTED PHOTONS

The spectral density of the emitted photons can be obtained starting from the Heisenberg evolution of the field
operators [I] entailed by the Hamiltonian

H = HaL + h/dw wa' (w)a(w) + h/dw \/ % (Sta(w) +S_d'(w)), (S29)

yielding

a(w,t) = a(w)e @ — iy % /Ot At S_(t)e @t (S30)

where the integration constants are set in such a way that at the initial time ¢ = 0, when the state of the atom-laser-
radiation system is

p(0) = 0(0) ® |vac) (vac| (S31)

with a(w)|vac) = 0, the Heisenberg operator a(w, 0) coincides with the Schrédinger operator a(w), acting only on the
radiation degrees of freedom.



After an evolution time 7', the probability density associated to photon frequency reads
T T
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with (...) the average on the initial state p(0). The evolution towards a steady state entails the presence of constant
contributions in ¢, yielding diverging integrals, and oscillating ones, which are not integrable but provide comparatively
negligible contributions. Therefore, it is convenient to define the asymptotic spectral density as
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The correlator in the integral can be evaluated by using the quantum regression theorem (QRT) [I], which is consistent
with the applicability condition of the Markovian approximation, namely the fact that the time scale of vacuum
correlations (in this case, the width of the Fourier transform of I'(w)) is much smaller than any other scale of time
variation in the open system dynamics. Since S can be written as

oo >s O with ST = AP YN GV = q)l, (S34)
N
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the spectral density can be accordingly decomposed in the following terms,

Iw) =3 (79 w) + T (@) + IO W) (335)
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which will be now derived separately.

Sidebands

From the definitions (S34) and (S19)), one can easily obtain that
Therefore, the evolution (S22)) of the unequal-index coherences determines
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From QRT, (S id(a )(t + 7)S_(t)) follows the same evolution in 7 as <SE(Q) (t 4+ 7)), and therefore
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where f (q)( t) contains transient contributions in ¢, which certainly do not contribute to the spectral density, as defined
in - Combining the above results, one obtains the spectral density contribution
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with the last equality holding up to O(T'con) corrections, considering that ng =T'(qwr +Q |A(Q) The computation
of the lower-energy sideband contribution

T— t
(q) B 21(q) Ciwr _ (@) st L Ceon
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proceeds in an entirely analogous way, with the roles of indexes 1 and 2 exchanged, and the sign in front of € reversed.
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Central lines

The evaluation of the central-line contributions

T9(w) = tim "@g, / dt / T (8290 4+ 7) + 2Dt 1 7)] S (e (812)
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is complicated by the fact that the evolutions of <S”(q)> = A(q) ](]) for 5 = 1 and 2 are coupled to each other.

Actually, following the evolution of the same-index reduced coherences, one obtains
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Notice that in the standard dressed-atom approach, in which RWA is considered in the atom-laser interaction, such

a computation is oversimplified by the property A%) = —Agll) 1] (with all the other coefficients for ¢ # 1 vanishing).
Using QRT, we obtain
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The expectation values appearing in the above expression can be evaluated as in the case of sidebands, using ([S34))

and ,
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where f (Q)( t) contain transient contributions in ¢. Collecting the above results yields
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After approximating I'(w) ~ I'(qwr), up to O(I'yep) corrections, one can express the spectral density of the ¢-th
central line as

T (w) = [T (1) + T (15) + 2 ReK {§ TSI | 6(w — qu )
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It is evident that frequency integration, useful to determine the line weight, cancels the contributions that depend on
K9

PERTURBATIVE CORRECTION OF RWA EIGENSTATES

If the composition of the dressed eigenstates {|1(N)),|2(N))} in terms of the bare states |e, N) and |g, N) is
expressed by the amplitudes

ol = (g, N+1-plj(N)),  B" = (e,N —pli(N)), (852)
then the coefficients in Eq. , which are crucial to determine the features of a specific model, read
—1)\ *
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In the case of the standard RWA dressed atom, the eigenstates have the form
|[L(N)o) =sinf|g, N + 1) + cosfle, N), |2(N)o) = cosf|g, N + 1) — sinf|e, N}, (Sh4)

implying that the only non-vanishing amplitudes (S52) are those with p = 0, and the only non-vanishing coefficients
in Sy are those with ¢ = 1:

Aﬁ) = cosfsind, Ag? = —cosfsin b, A%) = cos® 0, Aéll) = —sin? 6. (S55)
Therefore, only the coefficients
(0) ([3(0 * (0) + Z B(p * (p) (S56)
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contain terms of O(1) in perturbations of the RWA Hamiltonian. Incidentally, notice that the quantity K{é), as

defined in Eq. (S11J), is negative, because Agll) and A§12) have opposite sign. This is ultimately due to the minus sign
appearing in the transformation (S54]), that connects two orthonormal bases.
Let us consider the case in which the Hamiltonian

Har = Hrw + Has + Her (S57)

contains an “unperturbed” term
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whose eigenstates are of the form (S54)), with
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perturbation terms depending on a permanent dipole moment of the atomic state |e) and on the relevance of counter-
rotating terms, respectively. Since Hag and Hcg do not couple states inside the same doublet, the relevant conditions
of perturbation theory applicability are Qs < wr and Qg < wy. Moreover, to ensure that RWA is a good zeroth-
order approximation, the condition

Q= /O + (wo — wi)? < wr, (S62)

stronger than Qr < wr,, must hold as well, and Q/wy, will thus be treated as a small parameter.
Applying perturbation theory at the first order, the RWA eigenstates |j(IN)) hybridize with |j/(N + p)) with
p=—1,41, due to Hag, and p = —2,+2, due to Hcr. The resulting eigenstates read

QAsﬂ 9 . QAS Qsin29
1(N)) = |1(N _ fOsinf|lg, Ny + —cosf | 1 — N -1
1)) = [1N)o) + 255 cos? Dsinlg, V) + 25 cost (1= 220 ) feo N = 1)
Qas Q Qsin? 0
Lcoszesinﬂg,NqLQ}fﬁcose 14 le, N + 1)
wr(wr, — Q) wr, wp, — 0
Qr Qsin®6cosd Qr Qsin?0
SR S g N 4+3) — R sing 1+ - ) e, N +2
4UJL 20JL -Q Ig’ + > 4UJL St + 2wL -0 ‘6, + >
Or Qcos? 6 Qr Qsinfcos? 6
— 0l1— — N -1 —————|e,N =2 S63
* 4wr, cos ( 2w, + Q> |g7 > + 4w 2wp + 0 |67 > ( )
and
Qs . Qas . Qcos? 6
2(N)) = |2(N)g) — —————cos ¥ 0lg, N) — 01 N-1
[2(N)) = |2(N)o onwr = )cos sin® f|g, N) o, sin + O le, )
Qas) .9 Qas . ( Qcos20>
— ———————cosfsin“flg, N +2) + ——sinf | 1 — e, N+1
wr(wr, + ) l9 ) wr, wr +Q | )
Qr Qsin b cos? 6 Qr Qcos? 6
——————|g,N ——cosf|[1— —— N +2
4(;JL QQJL + Q |97 + 3> 4(;JL cos Q(UL + Q |€’ * >
Or Qcos? 6 QOr Qsin?6cosb
- — 0l1+ —— N-1)——— e, N — 2). 4
4wL cos ( + QwL — Q> |g7 > 4wL 2UJL -0 |67 > (SG )
The lowest-order contribution to the coefficients (S4)) comes from the terms
@  (gla=DY* () (5O (1-0) Qas)” Or)”
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with corrections of order (Qas/wz)? and (Qr/wr)?. Therefore, the coefficient determining the low-frequency line

strength reads
Qas\? Q QasQ
(AS) ] ——ASc0529+0< AS ) (S66)
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while, within the same approximation order, the coefficients AE? that determine the emission triplet around 2wy, read

Q Q Q Q
Aﬁ) ~ 25 o5 0 sin b, Ag) ~ 228 o5 0sin g, A%) ~ ZAS o520, Ag) ~ A8 gin%g. (S67)
wr, wr, wr wr

Notice the proportionality to the unperturbed coefficients Al(;) in Eq. (S55), implying that the relative weight of the

low-energy transition with respect to the ¢ = 1 and the ¢ = 2 triplets differs only by a factor (Qas/wz)? and by the
different ratio of form factors. In the case of ¢ = 3, one can verify that the dominant terms

A = GV)le, N = 2. N+ 1) + GV les Vg N + 35 = 0 (T2 (568)

are suppressed by an additional order 2/wr,) besides Qg /wr,, leading to the considerations reported in the main text.
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Figure S1. Relative weight of the low-frequency emission compared to the Mollow triplet, evaluated in resonance conditions
wo = wr, (solid red lines). The quadratic approximation determined by the behavior around Q2as = 0 is reported for comparison
(dashed blue lines). The results are obtained under the assumption that the form factor I'(w) of the atomic transition behaves
like w? for the transition frequencies involved in the processes.
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Figure S2. Comparison between the low-frequency gap Q = [E1(N) — E2(N)]/h obtained with varying Qas and the value Qg
obtained for Qas = 0. The reported curves are referred to resonance cases (wo = wr) with Qr = 0.1wr (red line), Qr = 0.2wr,
(green line), and Qr = 0.3wr (brown line).

A non-perturbative numerical diagonalization of the full Hamiltonian Hpp,, truncated to 50 levels, provides the
results in Figure [SI] which report the relative weight, in terms of photon number, of the low-frequency emission com-
pared to the Mollow triplet, as a function of {ag, in resonance conditions for Qg = 0.1wy,,0.2wy,, 0.3wy,. Interestingly,
as shown in Figure increasing the permanent dipole while keeping Qg fixed determines a further reduction of the
lowest transition frequency in the system.
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