The dressed atom revisited: Hamiltonian-independent treatment of the radiative cascade
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The dressed atom approach provides a tool to investigate the dynamics of an atom-laser system by fully
retaining the quantum nature of the coherent mode. In its standard derivation, the internal atom-laser evolution
is described within the rotating-wave approximation, which determines a doublet structure of the spectrum
and the peculiar fluorescence triplet in the steady state. However, the rotating wave approximation may fail
to apply to atomic systems subject to femtosecond light pulses, light-matter systems in the strong-coupling
regime or sustaining permanent dipole moments. This work aims to demonstrate how the general features of
the steady-state radiative cascade are affected by the interaction of the dressed atom with propagating radiation
modes. Rather than focusing on a specific model, we analyze how these features depend on the parameters
characterizing the dressed eigenstates in arbitrary atom-laser dynamics, given that a set of general hypotheses is
satisfied. Our findings clarify the general conditions in which a description of the radiative cascade in terms of
transition between dressed states is self-consistent. We provide a guideline to determine the properties of photon
emission for any atom-laser interaction model, which can be particularly relevant when the model should be
tailored to enhance a specific line. We apply the general results to the case in which a permanent dipole moment

is a source of low-energy emission, whose frequency is of the order of the Rabi coupling.

The dressed atom approach is a tool to investigate the dy-
namics of an atom interacting with a laser mode in a fully
quantum way, along with its coupling to the propagating radi-
ation modes [1]]. Compared to other powerful methods to in-
vestigate the atom-laser interactions such as the optical Bloch
equations [2} 3]], the dressed-atom approach has various ad-
vantages [4]]. First, the atom-laser dynamics is typically de-
scribed by time-independent evolution equations, either in
a closed-system or in an open-system framework; thus, by
avoiding at all the introduction of a classical time-dependent
field, one can potentially extend the analysis well beyond the
rotating-wave approximation (RWA), where time dependence
can hardly be integrated out of the Bloch equations. Second,
the quantum nature of the laser mode allows for a consistent
description in both the time and frequency domains [4], as
well as for the formulation of a decay dynamics that properly
takes into account hybridization of the unstable atom state and
non-perturbative energy shifts induced by the atom-laser cou-
pling. The dressed-atom approach was originally introduced
to describe natural systems interacting with light, in a con-
dition where a quasi-resonant laser and weak coupling made
RWA safely applicable. However, recent developments in the
implementation of artificial atoms allowed for the realization
of strong light-matter coupling [5H10]. Especially in view of
their relevance for the implementation of quantum protocols
[L1], strong-coupling effects call for a specific theoretical fo-
cus on light-matter interaction beyond RWA [12].

The purpose of this Letter is to present a general framework
describing the dynamics of a dressed two-level atom when one
of the atomic states is unstable, yielding a radiative cascade in
the asymptotic regime [4]. While the dressed-atom approach
in its standard form is based on the RWA (i.e., the Jaynes-
Cummings model [13]), and can be potentially corrected by
perturbing the system with additional terms, we do not aim
at a formulation tailored on a specific Hamiltonian model of

atom-laser interactions. Instead, we show how the general
features of the radiative cascade depend on the parameters
that characterize the dressed atom-laser eigenstates, given a
set of minimally restrictive phenomenological hypotheses on
the system dynamics. The general results can then be applied
to a variety of cases, including, without claiming to be ex-
haustive, the presence of a permanent dipole moment for one
or both the atomic levels [[14H16], the non-negligible contribu-
tion of counter-rotating terms [[10} [12} [17H20], the presence of
nonlinear coupling in the field operators [21]. We will apply
the theory to the specific case systems with permanent dipole
moments, that describe, e.g., polar molecules, or engineered
condensed-matter systems such as asymmetric quantum dots.
Their optical response enriched by the interplay of permanent
and induced electric dipoles leads to application potentials for
THz radiation sources [14, [15 22| 23], squeezed light gener-
ation [24, [25]] and for nonlinear optical absorption [22]. Their
spontaneous decay dynamics was analyzed in Ref. [26] and,
with the addition of counter-rotating terms, in Ref. [16].

The results here derived are based on the following set of
hypotheses:

1. The atom can be treated as a two-level system, whose
Hilbert space is spanned by the states {|g),|e)}. While
|g) is stable, in the absence of coupling with the laser
the state |e) spontaneously decays towards |g) by single-
photon emissions in a non-dispersive medium, with a
decay rate Iy. Such an atom-photon interaction can be
treated in the Markovian approximation.

2. The average (N) and the standard deviation AN =

V(N — (N))?) of the photon number in the laser mode
satisfy

(N) > AN > 1. (D

This assumption is crucial to approximate the action of
the mode annihilation operator a on number states |N)
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Figure 1. Upper panel. Schematic representation of a two-level atom
coupled both to a stable laser mode, and to radiation modes charac-
terized by a continuous spectrum, weighed at different frequencies by
the form factor ['(w). Lower panel. Doublet structure of the spectrum
of the atom-laser Hamiltonian H,p and possible transitions between
them, due to the contributions of the atomic excited and ground states
in the eigenstates. The elementary frequency scales characterizing
the spectrum are all much larger than the excited atom decay rate.

as a|N) = v(N)|N — 1) and obtain atom-laser transition
matrix elements that are constant for all practical pur-
poses. Moreover, the system is observed for a time T
such that the decay-induced depletion does not signifi-
cantly alter the laser number statistics, i.e. (7 < AN.

3. The energy diagram of the atom-laser system is made
of non-degenerate doublets of dressed eigenstates
{IL(N)), [2(N))}, with eigenvalues

Ej(N) = h(NwL - (—1)/‘%) for j € {1,2}, )

where Q < wy, at least in the region N ~ (N) that is
relevant for dynamics.

4. The inverse time scale of the decay processes is the
smallest one in the system dynamics, satisfying

wr,, Q, wy, — Q> F(]. (3)

This property allows neglecting interference between
emission lines centered on the three frequencies at the
left-hand side, and a fortiori on higher ones, which is
equivalent to applying the secular approximation in the
standard treatment of the radiative cascade [4].

Give the above conditions, the whole system dynamics, in-
cluding the radiation field modes, can be expressed by the
Hamiltonian H = Hay, + Hr + Vagr, Where

Hpp = Z Z E(N)|j(N))(N)I, )
j=12 N
Hg =Hh f dw wd' (w)a(w) (5)

respectively determine the dynamics of the atom-laser system
and the free radiation field, represented by the operators a(w)
that satisfy canonical commutation relations [a(w), a"(w')] =
0(w — "). Note the general form of the atom-light Hamilto-
nian Hpap, for which we do not assume specific form of the
interaction. Finally,

Var = hfdw \/ W) (S+a(a)) + S_aT(w)) , (6)
2

with S, = |e){g] and S_ = |g){e|, describes the RWA coupling
of the atom with the continuum field modes, with an arbi-
trary form factor I'(w) vanishing for w < 0 that determines the
properties of the continuum. The expressions of the transition
operators S. in the dressed eigenstate basis are determined by
the coefficients (see the Supplemental Material)

A = 3 GN + p+ @le, NXg. NIiN + p)),  (7)
p

with {le, N), |g, N)} being the simultaneous eigenstates of the
free atom Hamiltonian and of laser photon number, can be as-
sumed N-independent due to the hypothesis (I)) on the laser
state. The form of the term V,z, where all the irrelevant field
degrees of freedom have been integrated out, contains all the
relevant information to determine, using Fermi’s golden rule,
the decay rate Iy = I'(wy) of the state |e) when the laser is off,
with wy the bare transition frequency between the two atomic
states. Neglecting the frequency dependence of the form fac-
tor is a common flat coupling approximation [4], which we
show below may lead to incorrect results beyond the RWA
regime.

The frequency scale hierarchy allows the formulation of
Markovian dynamics of the atom-laser system by separately
considering dissipative processes associated with transitions
at different frequencies. We assume that the field continuum
starts in its vacuum state. Since no restriction is required
on the composition of the dressed eigenstates in terms of the
atomic states |e) and |g), the dissipative part of the Gorini-
Kossakowski-Lindblad-Sudarshan equation reads

Lis) = 2 [ 3 T2 vl
@.N.N' i j=12
+ Tivrgiov+ IV GNI)
+ K\ 1vsg) 2000+ LAVN2(N)
+ (KDY v ivrg 2NN, (8)



where o) vy = (i(N)lo|j(N’)) are the matrix elements of
the atom-laser density operator o in the dressed basis. The
decay rates appearlng in Eq. (§) are determined by the co-
efficients (7) as r F(qu)|A(")|2 (for j = 1,2), T'Y =

T(qw, + Q)|A(1”2)|2, and 'Y = [(gw, - Q)IAYP. Due to the
properties of the form factor I'(w), dissipative j — j and
2 — 1 transitions are possible only if ¢ > 0, while the 1 — 2
transition can occur also in the case ¢ = 0, which is partic-
ularly interesting since the frequency of the emitted photons
can be much smaller than the pump frequency w;. As we will
show in the following, such a transition can be determined by
the presence of permanent dipole moments. The transitions
with the lowest ¢ determined by the dissipative dynamics (8]
are graphically represented in Figure [l| The strength of co-
herence transfer terms between dressed “1” and “2” states in
Eq. (§) is instead determined by K g) = ,/F(lql)l"(zqz)ei“’("), where
the phase factor depends on the relative phase between (A(lql))*
and A(Zqz) The detailed derivation of all the term in Eq. (8) is
reported in the Supplemental Material.

The approximate invariance of atom-laser couplings with
respect to N due to assumption @), expressed in the N-
independence of the amplitudes Al(.]q. and a fortiori of all the
coefficients appearing in Eq. (§), allows reducing the dy-
namics of the atom-laser system, complicated even in the
standard RWA case, to a solvable set of differential equa-
ti(();)ls. Specifically, one can define the reduced coherences

o= 2N Tiv), j(v+¢), Which, for the case i # j, follow de-

coupled evolution equations:

0\ = li(twr — Q) = Teonl o-ﬁ";, 9)
o) = li(twr + Q) ~ Teanl 075, (10)

with

(1)

coh — Z l"(‘l) Re

ql]

Z K(q)

being the £-independent decay rate of such terms. Notice that
the sum of the imaginary parts of K f? provides a correction
of O(Ty) to the imaginary part of the coefficients, which can
be consistently neglected due to the condition (3)). Instead, the
evolution equations of the equal-index reduced coherences are
coupled to each other,

( ) = [ifwr — 2] O' + FZIO'([) (12)

a;g) litwy — Ta1] o) + Tiaa) (13)

with
l] Z F(CI) (14)

As opposed to the case i # j, all the above equations admit
a steady- state solution In particular, the quantities IT; = 0_(0)

and I, = 0'22, representing the total population of the “1”

and “2” dressed states, respectively, approach the asymptotic
values

Iy
Tpop

r
2 Fpop = T2 + 1oy, (15)

st __
Iy = T
pop

st
H H2 =

determined by the balance between dissipative transitions that
change the dressed state label. The quantity I',o, defined in
Eq. is not a mere normalization factor, but represents also
the rate at which populations approach the steady state. The
same-index coherences follow a similar dynamics, asymptot-
ically evolving as o ot )(t) = e“’“’LHSt It is worth noticing that
the reduced evolutlon equations appear identical to the stan-
dard dressed-atom treatment, despite the population transition
rates I';; and the coherence decay rate I'co, contain in princi-
ple contributions from an infinite number of transitions. The
reason of such correspondence essentially lies in hypotheses
(1I)-(@) and are independent of the model details.

The asymptotic spectral density of emitted photons can be
evaluated using the field operator evolution in the Heisenberg
picture, the condition (3] of emission line separation, and the
values of steady-state populations:

T
I =12

Re li tdr " an(s S_(H))e "
X GTEOL 7](; (S, (t+1)S_(1))e
)= T
q

(16)

= > (TP + TV @) + TP ()
q

The details of the derivation are reported in the Supplemental
Material. In Eq. (I6), the average is computed on an initial
state in the form o(0) ® |vac){vac|, where ¢-(0) is the initial
state of the atom-laser system and a(w)|vac) = 0 for all w’s.
Time average is made necessary by the presence of persistent
contributions to the correlator in the steady-state regime. At
the same time, the limit allows to retain only the contributions
that scale with 7', averaging out the oscillating terms. Notice
that the latter issue is not present when the radiative cascade
is treated in the RWA case [4].

The evaluation of the spectral density (T6)), described in de-
tail in the Supplemental Material, makes use of the quantum
regression theorem, consistent with the Markovian treatment
of the atom-radiation interaction [4]. The contribution of side-
band photons, for any value of ¢, consists in the Lorentzian
lines

(D17s
TO(w) = oI LCeon (17)
’ T w-(quL+ QP +T2,°
(D17s
j(q)(w) - FZI HZt 1—‘coh (18)
o [w- (g, - QP +T%,

all characterized by the same width I'.p, which can be inte-
grated to provide the total line intensities

I(q) F(Q)Hst I(q) 1—*(‘1) Hsl (19)
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Table I. Properties of lowest-energy emission multiplets in steady-
state radiative cascade. RWA atom-laser interaction induces doublet
splitting Q. Perturbation due to atomic permanent dipole moment
and counter-rotating terms gives rise to new lines with magnitudes
scaled with Qag and Qg, respectively.

The central lines have a more complicated structure,

\2 \2 s
T @) = 19 (1) + 142 (13 + 2ReR (g

X0(w — qwy)
(q) (q) (q) <
+ (rl‘f1 +T - 2Rek' ) TSI
1 r
= pop , (20)

2

7T (w = qwr)* + Thop

with the coherent peaks at w = qw;, surrounded by Lorenzian
lines whose width corresponds, for any g, to I'yop. It is worth
noticing that such a component of the spectral density depends
on the coherence transfer coefficients K g) only through their
real parts, in accordance with the independently obtained re-
sult in Eq. (TI)). Integration over a central line erases the de-

pendence on ReK g) (hence, of the relative phase between A(lql)

and A(zqz)), leading to the intuitive form

1 = T+ T @

These results open the possibility to compare the strength of
emission lines for any specific atom-laser Hamiltonian satis-
fying the phenomenological assumptions. Interestingly, the
ratios of transition line weights (as well as the steady state
populations) do not depend on the magnitude of I'y, which
can be considered arbitrarily small to satisfy condition (3). In
particular, one can compare the strength of the small-freqency
singlet around w = Q with that of the higher-energy triplets,
obtaining

(@ ~ (q) (q) (q) (q)
14 (rﬁ, +rlq2)r21 +(r2‘12 Jrr;l)r12

) (22)

with 1@ = 19 + [V + ' the total triplet strength. The above
derivation of the spectral characteristics of the radiative emis-
sion from the dressed system is performed with a minimal set
of assumptions (I)-(3), and is Hamiltonian-independent: The
Hamiltonian enters the description at the stage of evaluation
of the model parameters Ag) according to Eq. (7).

After deriving the general results, let us focus on the case

of an atom-laser Hamiltonian

HaL = woleXel @ 1, + 1,8 Y NogIN)(N|
N

Q
+ TR (le)(gl + Ig)el) + QAS'@@'} ®hy, (23)

where hy = Yy (INYXN — 1]+ |N — 1){N|), and 1 (1) is the
identity operator on the laser (atom). The Rabi frequency
Qr and the coefficient Qag, describe respectively the laser
coupling with the transition dipole moments proportional to
le){gl, |g){e| and the permanent dipole moments of the excited
state |e){e|. They are both proportional to {N). Let us con-
sider the case of Qag, Qr < wy, when permanent-dipole and
counter-rotating terms can be viewed as a correction to RWA.
Notice that these conditions are unrelated to the request (3),
since € is mostly determined by the RWA terms. Considering
the composition of the dressed states, we obtain the lowest-
order relative weight of the low-frequency singlet with respect
to the main triplet as

0) 2 2
L TI(Q) (QAS) Qp 24)

IV T(w)\ w | 4 [QzR + (wo — CUL)Z]
As shown in the Supplemental Material, such an expression
remains effective with good approximation in a range that
goes beyond the Qg, Qas < wy, regime. The low-frequency
transition is naturally suppressed by a factor of (Qas/wz),
due to the dependence of I' (1(;) on the permanent-dipole per-
turbation. Moreover, suppose one desires emission at a fre-
quency Q < wy. In that case, the transition is also at risk of
heavy suppression by the behavior of the interaction form fac-
tor, which, in homogeneous media and in the range of valid-
ity of the dipole approximation, scales like w?. For the same
reason, the low-energy singlet competes even with the g = 2
triplet, which has the same scaling with Qxg:

P ore @
19 TQwp)4 [QZR + (wo — wL)Z] ‘

(25)

Though affected by an even amplified problem with the form
factor, comparison with the ¢ = 3 triplet is mitigated by the
fact that the weight of the latter is proportional to the fourth
power of Q/w; (see Supplemental Material), yielding

19 TQ (Qas\ (wr) (Qas) Q)
1~ TGwr) (w_L) <3) N(?) (w_L) 0

in the case of a form factor behaving like ['(w) ~ w®.

The a parameter can be tailored, e.g., by exploiting low-
dimensional geometries. The parameters characterizing the
lowest-frequency emission lines in the perturbative case are
reported in Table I Enhancing the asymptotic production of
low-frequency photons is therefore a difficult task in free
space, but can be obtained if the form factor is properly tai-
lored to be peaked at energies around 7€). One possibil-
ity to perform such an enhancement would be to buffer the



Figure 2. Relative weight of the low-frequency emission (¢ = 0)
compared to the Mollow triplet (¢ = 1), computed for the atom-laser
Hamiltonian (23) with wy = wy, and for [(w) « w?®. The numeri-
cal evaluation based on Eq. (Z4) (solid red lines) is compared with
the result obtained neglecting the dependence of decay rates on the
dressed state energies (dot-dashed green lines). The emission inten-
sity for all cases tends to 0 as Qa5 — 0.

coupling between the atom and radiation propagating in free
space with a lossy resonant cavity (see also discussions in
Ref. [16]). Inspection of the spectral contributions provides a
further quality factor of the emission lines, highlighting their
prominence above the background [16]]. Focusing again on
the low-frequency transition, we can compare the peak value
J. fro)(Q) with the total tail contributions generated by the re-
maining transition at the same frequency. Assuming that the
q = 1 triplet is dominant, and neglecting the difference among
its frequencies, the quality factor reads

0
JE@ ( wy )2 n o
Zq>0 j(q)(Q) F(llz) 4 - rpop/l—‘coh ’

27
1—‘coh

highlighting the fact that it can be made larger by decreasing
the dipole transition coupling constant, which is not fixed by
the parameters entering the relative integrated peak intensities.
From all the above results, the crucial role of dressed-state de-
cay rates is evident. When transitions occur on different en-
ergy scales, neglecting their dependence on the coupling form
factor which comes from knowledge of the dressed states can
lead to orders-of-magnitude errors in the evaluation of photon
production rates, as shown in Figure[2]

The framework introduced in this Letter extend the dressed-
atom analysis of a steady-state radiative cascade to the case of
an arbitrary coupling between atom and laser. The conditions
for the validity of the results here presented are not related to
the specific form of the interaction Hamiltonian, but to spec-
tral features and relations between energy scales. Given these
properties, we obtain a general form of the spectral density
of all the emerging fluorescence multiplets, from which the
emission intensity at different frequencies can be determined.
At the same time, it is worth noticing that the fully quantum
treatment of the atom-laser system provides information that
does not emerge if the laser mode is treated as a classical
field, such as the dependence of line weights on the on-shell
electromagnetic form factors and on the atom-laser eigenstate
mixing, which determines the coefficients in Eq. (7) and the
role of interference effects in determining the coherence de-
cay rates. Perspectives in this research line can involve the
generalization to many-emitter ensembles, thus extending the

semiclassical treatment in Refs. [15) 23], and the introduction
of different dissipation mechanisms or interaction with more
than one laser mode [22| 23] 25]. A qualitatively interesting
extension of this work would be to investigate the case of a
multi-level atom, where more low-energy lines can emerge,
possibly with new coherence effects in the case in which more
than two or more transitions inside a multiplet occur at the
same frequency.
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