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Abstract

We propose and explore a notion of decomposably divisible (D-divisible) dif-
ferentiable quantum evolution families on matrix algebras. This is achieved by
replacing the complete positivity requirement, imposed on the propagator, by
more general condition of decomposability. It is shown that such D-divisible
dynamical maps satisfy a generalized version of Master equation and are totally
characterized by their time-local generators. Necessary and sufficient condi-
tions for D-divisibility are found. Additionally, decomposable trace preserving
semigroups are examined.

Keywords: decomposable maps, master equation, Lindbladian,
divisible evolution

(Some figures may appear in colour only in the online journal)

1. Introduction

The aim of this article is to define, construct and characterize a generalization of CP-divisible
(i.e. Markovian) evolution families, or quantum dynamical maps, on matrix algebras onto a
certain subclass of much broader, however still mathematically manageable case of decompos-
able positive maps. We restrict our attention to the case of decomposably divisible families,
i.e. such maps A; on matrix algebra M,(C), which are divisible and which propagators are
trace preserving and decomposable on M, (C). Decomposability is a relatively simple, yet
non-trivial generalization of complete positivity, which in turn has been a well-characterized
and motivated concept in quantum theory since 1970s (see [1-3] and references within), tradi-
tionally used to model time evolution of quantum systems. In particular, CP-divisible families
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[4, 5] has been granted a special attention, since CP-divisibility is commonly considered equi-
valent to Markovianity. We abandon this approach here in favor of D-divisibility, effectively
obtaining a new subclass of non-Markovian evolution families (or weakly non-Markovian,
using terminology of [6]; see also [7]). We hope that such decomposable dynamical maps
might be useful in future for description of physical systems outside a Markovian regime,
for example influenced by more sophisticated quantum effects or to mirror the existence of
higher-order correlations in the system.

The article is structured as follows. In section 2 we provide some mathematical prelim-
inaries, including notion of decomposable maps over algebra of complex matrices, as well
as some basic description of dynamics of open quantum systems. The main part of the art-
icle is the section 3, devoted to D-divisible quantum evolution families, where we formulate
a necessary and sufficient conditions for D-divisibility expressed in terms of associated time-
dependent generators. Construction of such is presented in theorem 2, which is our main result.
In section 3.4 we remark on a semigroup case and present some results related to their asymp-
totic behavior (theorems 4 and 6). Finally, section 4 presents two simple examples in dimension
2 and 3.

2. Preliminaries

First, we provide some basic preliminaries including notions of decomposability of positive
maps and divisibility (and Markovianity) of quantum dynamics. We will be working a lot
with Hilbert-Schmidt bases spanning space M,;(C), i.e. bases orthonormal with respect to the
Hilbert-Schmidt inner product (also called Frobenius inner product) on My(C), given via

d
(a,b)y=trab="> @by,  a,beMy(C). 2.1

ij=1

Amongst all such bases, one consisting of strictly Hermitian matrices will be granted a special
attention. Namely, let {F;}¢_, be a Hilbert-Schmidt basis subject to constraints

. 1

Fi=F/, uF;=0,, Fg \/31' (2.2)
Such basis may be seen as a generalization of both Pauli and Gell-Mann matrices and may
be constructed in similar way (see appendix A.1 for details and for some more properties). By
construction, matrices F; can be either non-diagonal and symmetric, antisymmetric or diag-
onal (where all F; s.t. i < d* are traceless). For any d, there is exactly d(d —1)/2 of both
symmetric and antisymmetric matrices and d diagonal ones. We reserve symbol F; for such a
basis exclusively throughout the whole article and introduce an accompanying enumeration,
such that F; will be:

o symmetric for 1 <i < 1d(d—1),
e antisymmetric for 1 + 1d(d — 1) <i <d(d—1),
e diagonal for 1 +d(d—1) <i < d*.

The following composition rule will be of importance: for every F;, F; we have

d2

FiFj= Z&:ﬂch, (2.3)

k=1
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where coefficients {;; may be computed as
ik = (Fr, FiFj), = trFi FiFy 2.4

and are expressible in terms of so-called structure constants, which characterize M;(C) as a
Lie algebra. It is then a simple exercise to check that the following identities hold:

ik = & = s Eiik = Ejin- (2.5)

2.1 Decomposable maps

Let o7, % be ordered, unital *-algebras and let o7+, 2" stand for convex cones of positive
elements of &7 and A respectively. We say that a bounded linear map ¢ : o7 — A is positive,
or ¢ € P(,B),if (/) C AT, i.e. it maps positive elements into positive. Moreover, if
an extended map ¢, =1id ® ¢, acting on M, («/) ~ M, (C) ® & via prescription ¢,([a;]) =
[d)(a,j)], a; € 47, is also positive for some n, we say ¢ is n-positive; if in addition it is n-
positive for all n € N, map ¢ is called completely positive (CP), or ¢ € CP(</,%). Both sets
P(/, %), CP(</,28) are then convex cones in space of all linear maps from <7 to A.

Structure of CP maps is characterized by means of the famous Stinespring dilation theorem
stating that for every ¢ € CP(«/,B(H)) for </ a unital C*-algebra and H a Hilbert space,
exists some auxiliary Hilbert space K such that ¢ admits a (nonunique) representation as a
composition

¢p(a)=V'm(a)V, ac d, (2.6)

for some bounded operator V: H — K and *-homomorphism 7 : &/ — B(K). If both &7 and
H in question are finite-dimensional, i.e. ¢ acts between algebras of matrices, ¢ : M,(C) —
M, (C), one defines the so-called Choi matrix of ¢,

2

Co =Y E;j@o(Ey), (2.7)

ij=1

where Ej; are matrix units (i.e. they contain 1 in place (7,j) and 0 s everywhere else) span-
ning M, (C). Mapping ¢ — C, is a bijection from B(M,,(C), M,,(C)) into M,,(C) @ ML,,,(C) =~
M., (C) known as the Choi-Jamiotkowski isomorphism. Then, Stinespring dilation theorem is
equivalent to the famous Choi’s theorem [8], which stays that ¢ is CP iff (if and only if) it is
n-positive, which is then true iff Cy, € M.,,,,(C)T. Furthermore, as a corollary, it can be shown
that for every ¢ € CP(M,,(C), M, (C)) there exists a set of matrices {X;}"; C M,,x,(C) such
that

¢(a) =) XaX;, acM,(C), (2.8)
i=1

which is the Kraus decomposition of ¢ (matrices X; are called Kraus operators) associated
with ¢. The notion of complete positivity proved itself to be very robust concept, both in
mathematics and physics. Unfortunately, although the complete characterization of CP maps
is known due to results by Stinespring, Choi and Kraus, we lack such in case of merely positive
maps and finding it has been a long-standing goal in mathematics for many years.
Throughout this paper, we will be focusing on a special sub-class of positive maps, the
so-called decomposable maps, which may be seen as a conceptually simple, however still

3
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nontrivial generalization of CP maps. Moreover, from now on we assume all maps under con-
sideration to be exclusively endomorphisms over matrix slgebra M,;(C) and we tweak our
notation accordingly by writing simply B(M;(C)), P(M,(C)) and CP(M,(C)) for appropri-
ate maps on this algebra.

Let 6 : M;(C) — M,(C) denote the transposition map, i.e.

0(a)=a", lag] — [a;], (2.9)

with respect to some chosen basis in C?. It is easy to see that 6 is a positive map, however it is
not CP (in fact, it fails to be even 2-positive). Transposition allows to define yet another class of
positive maps, the so-called completely copositive maps. One says that a map ¢ € P(M,;(C))
is completely copositive (coCP), if its composition with 6 is CP, or that there exists some
¢ € CP(M(C)) such that

¢ =000. (2.10)

The marriage of notions of both complete positivity and copositivity determines a class of
decomposable maps, which will remain at our focus throughout this article:

Definition 1. Let p € P(M,(C)). We say ¢ is decomposable, ¢ € D(M,(C)), if it can be
expressed as a convex combination of CP and coCP map, i.e. if there exist ¢, € CP(M,(C))
such that

p=¢+001). 2.11)

Decomposable maps may be also characterized in terms of a following necessary and suffi-
cient condition. Let ¢ € P(M,(C)) and let C, € M2 (C) be its corresponding Choi matrix. By
identification M2 (C) ~ M,(C) ® M,;(C) we introduce a linear map of partial transposition
(with respect to second factor) I" on M (C), defined by its action on simple tensors as

a®br (a®b) =a@b". (2.12)
Define also two convex cones

Vy=M, (C)*, Vrz{p:pFEMaq (C)+}. (2.13)
Then, a following characterization of decomposable maps applies [9, 10]:
Theorem 1. Map ¢ on M;(C) is decomposable iff

VpeVynNVy:trCyp > 0. (2.14)

In practice, verifying if a given linear map is decomposable by finding exact decomposi-
tion into a combination (2.11) of its CP and coCP part may be a hopeless task, even in low
dimensional algebras. Instead, condition stated in theorem 1 can be checked quite sufficiently
by means of a semidefinite programming (SDP) routines, as is also the case in this article.

Every decomposable map ¢ is in addition Hermiticity preserving, i.e. it satisfies

¢ (a)" =¢(a") (2.15)

for all a € M,(C). It is known from works by Stermer and Woronowicz [9, 11] that cones of
positive and decomposable maps in B(M,,(C), M, (C)) are equal if mn < 6, i.e. every positive

4
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map is decomposable in such case; in particular, all positive endomorphisms on M, (C) are
decomposable, as well as positive maps between M, (C) and M;(C). The question of exact
conditions for decomposability in higher-dimensional algebras remains unanswered, however
counter-examples are known in literature already for maps on M;(C).

2.2. Quantum evolution families

Here we provide some basic description of evolution in theory of open quantum systems. Let
p; stand for a time-dependent density matrix of some d-dimensional quantum system, i.e. let

p €My (C)T, trp=1  forall reR,. (2.16)

A family of linear, time-parametrized maps {A, : t € R} on M,(C), providing an evolution
of density matrix via equation

Pr= A (PO) (2.17)

for some initial py, will be called the quantum evolution family, or quantum dynamical map.
In order to maintain the probabilistic interpretation of p, as density matrix at every 7 > 0, it is
required for A, to be trace preserving (i.e. tr A;(p) = tr p) and positive. By physical reasoning,
one often demands not merely a positivity, but rather complete positivity of A, (one can find
appropriate explanation e.g. in [1-3] and numerous other sources). This restriction, however,
will be abandoned in this paper in favor of decomposability.

Definition 2. We say that quantum evolution family {A, : 7 € R, } is divisible in some interval
[t1,12] C Ry if for every 1 € [t;,1,] and every s € [t1,1] there exists a map V, , satisfying

A=V, oA, 2.18)

If in addition V, , is a positive or completely positive map for every s <t, then {A,:re Ry}
is called P-divisible or CP-divisible in this interval, respectively.

Such two-parameter family of maps {V, , : s < ¢} is then called the propagator of evolution
family (as V,, propagates A, forward in time). If A, is invertible then it is immediate that
Vs = A, o A;!. CP-divisibility is commonly identified with Markovianity.

It is most frequently assumed, that the dynamical map in question satisfies the time-local
Master equation in two equivalent forms

dA d

=LA o g =L(py), (2.19)
for some map L, € B(M,(C)), called a generator. All dynamical maps obeying (2.19) are
divisible. By celebrated results of Lindblad, Gorini, Kossakowski and Sudarshan [4, 5], a
necessary and sufficient condition for an invertible map A, subject to Master equation (2.19)
to be CP-divisible is that L, must be of a form

-1

1
Lio) = —ilHusl + 3 au o) (EpFi— L {Fum}) 2.20)
k=1

where H, is Hermitian and [aj (1)) € Mpz_;(C)™" for all 1 € Ry ({a,b} = ab+ ba is the anti-
commutator). Equation (2.20) defines so-called standard form (also Lindblad form or LGKS

5
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form) of L,. On physics grounds, H; is identified with system’s Hamiltonian (which includes
Lamb-shift corrections; here one puts /2 = 1 for brevity) and matrix [aj(7)], being commonly
called the Kossakowski matrix, expresses the ‘non-unitary’ part of the evolution due to interac-
tions between system and the environment. If generator L, is time-independent, i.e. L; = L, then
a solution of Master equation (2.19) is a one-parameter contraction semigroup {e'“: 1€ R }
of trace preserving CP maps, known as the Quantum Dynamical Semigroup.

3. D-divisible quantum evolution families

3.1 Notion of D-divisibility

In this section we propose and elaborate on the notion of D-divisibility. Let {A,:t€ R, }
again stand for a family of positive and trace preserving maps on M,(C). Then, we define
D-divisibility of this family in a manner analogous to CP-divisibility by demanding that the
propagator is decomposable:

Definition 3. We say that a family {A,: 7€ R} is D-divisible (decomposably divisible) in
interval [r;,5,] C Ry, iff it is divisible in [f,#,] and its associated propagator V/ ; is trace pre-
serving and decomposable for all 5,7 € [f1,5], s < 1, i.e.

Vt,x = Xt,s +0o0 Yl,Sa 3.1

for some maps X; ;,Y; ; € CP(M,(C)) continuously depending on (z, 5).

We stress here that although map V, ; is required to be trace preserving as a whole, neither
of maps X, ;, Y, s is a priori expected to be so:

Proposition 1. Let a family {A, : t € Ry} be D-divisible in [t),t;] C R and let Ay = id. Then,
the following hold for all t € [t;,t;] and all s € [t;,1]:

(D Vz,z =id,
(2) Xz,z = id,
(3) Y1, =0,

4) A, e D(My(C)) and is trace preserving,
(5) X, s+ Y, is trace preserving.

Proof. Property 1 follows immediately from divisibility condition (2.18) after taking s =t.
As a consequence V,, is a decomposable map with its coCP part being zero, so properties
2 and 3 follow. For property 4, see that (2.18) also yields A, =V,p0Ag =V, and so A, is
decomposable and trace preserving. Remaining property 5 then follows from linearity of trace
and trace preservation of transposition map after simple algebra. O

3.2. Generators of decomposable dynamics

In this section we present our main result, i.e. a necessary and sufficient condition for a
quantum evolution family to be D-divisible expressed in terms of properties of the associ-
ated generator. Before that we briefly discuss some additional notions. Our construction of
generator (given in a proof of theorem 2) will be heavily depending on so-called operator sum
representation of linear maps on M,;(C), including the transposition map. Namely, if T is any
linear endomorphism on algebra M,;(C), its action on a € M,(C) may be always represented
in a form
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d2
T(a) =Y t;F;aF; (3.2)

ij=1

for some matrix of coefficients [r;] € M2 (C). Inaddition, T € CP(M,(C)) iff [r;] € M2 (C)™.
Similarly, the transposition map 6 admits an operator-sum representation of a form

dZ
Q(a):aT:ZQiFiaF,- (3.3)
i=1
for coefficients §; € {—1, 1} given as

34

6 — —1, forl+3id(d—1)<i<d(d-1),
+1, otherwise.

Proof of this statement is available in the appendix A.3.1. We will use coefficients 6; given
above to define a particular 4-index geometric tensor, which will be of crucial importance later
on. Recall that basis matrices F; obey composition rule (2.3) for coefficients {; = tr F; F;F}.

Definition 4. We define the 4-index geometric tensor £ = [QJZL‘V}, where 1 <j,k<d* 1<
v < d? — 1, by setting

d2
¥, =0 (3.5)
i=l1

One can easily show (see lemma 1 in section A.4 of the appendix) that 2 admits a somewhat
more compact and robust representation as

QZ(U = <FZFH7F1T/FJ>27 (36)

which will become useful. Now we are ready to formulate our main result:

Theorem 2. Let a family {A;:t € Ry} of maps on My(C) satisfy an ordinary differential
equation

dA
dT’ =LoA, Ay=id, (3.7)

where L, € B(M4(C)) and function t — L, is continuous everywhere in interval [t1,t;] CR.
Then, family {A,: 1€ R} is D-divisible and trace preserving in this interval iff there exists
a map M, on My(C) in standard form, Hermitian matrix K, € My(C) and matrix [wi(t)] €
M (C)* such that

Li=M;+N;, te[t,n], (3.8)
where N, admits a form

-1 1
Ni(p) = =i [Kipl+ > muw (1) (FMpFV - 2{Fyzm,p}) (3.9)

=1
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for coefficients

N (1 Z Jwik (1 (3.10)

k=1

Proof. The proof will follow general guidelines of [3, theorem 4.2.1]. We are interested in
computing %, where the derivative is to be calculated ‘from above’, i.e.
% — lim Az+e (PO) - A (po) — lim Vt+e ,—id
dt & € N0 €

oA, (po) Lt(pt)> (3.11)

which comes via divisibility, A;ye = Viye 0 A; and Ag = id. We therefore have

Vt+€,l —id

L=1i 3.12
TN e (3.12)

Let us apply the D-divisibility condition, i.e. put
Vitey =Xipes+00Y e, (3.13)

for some continuous functions (¢,s) — X, 5, ¥, ; € CP(M,(C)), s < #. Maps X, ; and Y, ;, being
completely positive, admit operator-sum representations

d2
Xos(p) =D X (t,5) FipFr,  Yis(p) =Y i (t,5) FipFi, (3.14)
Jk=1 Jik=1

where p € M,(C), for some matrices [xi(z,s)], [yi(z,5)] € Mz(C)", also continuously
depending on (¢, s). Similarly, the transposition map 6 admits a representation (3.3), i.e.

=p" = _0;FipF; (3.15)

where 60; are given in (3.4). Therefore, the expression for L;, using composition rule (2.3) and
properties (2.5), is

1
Li(p) = lim = [Xrres (p) + Yo ()" ) (3.16)
! [ 2 &
= lin%* ijk (t+e,1)FipFy + Z Oyj (1 + €,t) FiFjpF Fp— p
NOE S Jkoi=1
) r &L &L &L o
= “{‘%g ijk(t—i— e,1) FipFi + Z Z Oryix (t + €,1) Ejpir FupFu — p
‘ 7:k_l k=1 p,v=1
1 & P
Zgig(l)z Zx,k t+€,t) FipFi + Z Z Vy,k (t+e1)FupF, —p
Jk=1 p,v=1jk=1
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Let now

dZ
Zu (15) =D U v (15). (3.17)

k=1

It is easy to check that matrix [z, (1,5)] ., € Mz _;(C) is Hermitian for every (z, s), however
is not positive semidefinite in general. Next, we subtract from both summations terms with
WV = d? and obtain, by Fp = ﬁld,

&P—1
L (p) = li\né Wiep+Ecp+ pE; + Z Wy (t+€,0) FupF, |, (3.18)
TRZS
where we introduced
Wy (1,8) = Xy (1,8) + 20 (1,5) (3.19a)
1
Wie= PACEE (l+6,f)—1] 1g, (3.19b)
1 &P—1
Ee=—Y wue(t+et)F,. (3.19¢)
Vd =

Now, we define new time-dependent coefficients g, () by setting

1
JWee (t+et)—1], (3.20a)

1

t) = lim —

g (t) lim
1

g (1) = 1M —wy (1 €,1), I <pv<d -1, (3.20b)
€ €

where existence of all limits is assured by differentiability of A,, so our expression for L,(p)
becomes

&P—1
Li(p) = gaa () p+Ep+ pE; + Y & (1) FupF (3.21)

v=1

2
for E, = ﬁ ZZZI g (t)F . Introducing two new matrices

1 1
A= 5 (Ez + Ez*) + E’Ya'zdz (t) la, (3.224)
1 %
J = — (E,—E}), (3.22b)
l
we obtain
-1
Li(p) = =i [T pl + {Aup} + Y u () FupFy. (3.23)
pr=1

9
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We demand V, ; to obey the trace preservation condition, which means that L, must nullify
the trace, tr L,(p) = 0 regardless of p. This applied to our expression yields, after some algebra
involving cyclic property of trace,

d21

A=—3 LS g (0FF (3.24)

wr=1
By inserting back we therefore end up with a form

-1

Li(p) =—=ilupl+ Y guv (1) (Fupr - ;{FuFu,p}> ) (3.25)

=1

which despite its visual resemblance is not the standard form, since matrix [g,,,, ()], is not
positive semi-definite in general. However, formula (3.19a) allows to split coefficients g, (7)
into a sum of expressions defined solely via either the CP or the coCP part of the propagator,
namely

8uv (t) = Yuv (t) + Um (t) ) (326)

where
1 1 "
o () = lim (1 €0), 7 () =lim = 3" Oyl en. 327)

In similar fashion, we have J, = H, + K, where

-1 -1

Hi =~ f > Ve OFu = e (OF, (3.28)

p=1 p=1

and K; has an identical structure, with 1), (#) in place of 7,2 (). It is then evident that expres-
sion (3.25) may be rewritten as a sum of two maps, L, = M, + N,, acting on p, where

1
N; (P) =—i Kh Z 77#1/ ( upFV - 5 {FVF;up}> (3.29)

m,v=1

and M, is of the same structure, with H, replacing K, and ~,,, (¢) in place of 7, (r). By dir-
ect check, matrices H, and K, are Hermitian and complete positivity of map X, ; yields both
matrices [x,,,(¢,s)] and [y, (f)] to be positive semidefinite, i.e. map M, is in standard form. It
remains to show that coefficients 1), () are as claimed. We have

N (£ Z Whm “Vk(r+e1). (3.30)
Jjk=1

As we show in lemma 2 in the appendix, the above limiting procedure under the summation
defines a positive semidefinite matrix for all ¢ € [f,1,], i.e. we have

1
wik (1) = !l\% ik (t+e0), [wp()] €Mp(C)F (3.3

10
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and 7),,,,(¢) admits a form (3.10). This proves sufficiency. To show necessity, we start with
re-expressing Ny, basing on expression (3.29), as

T

d2
Ni(p) = —i [Ki, p] + E CoipCoy| — 5 [D, —Df, p] (3.32)

a=l1

&
1 k.
- 5 Z {Ca,rCa,hP}
a=1

which is achieved by: (1) expressing 7,,,,(¢) via (3.10), (2) expanding the geometric tensor Qf/fu
according to (3.5), (3) applying the operator-sum representation (3.3) of transposition map 6,
(4) expressing [wi(1)] € M2 (C) T as wix(1) = >, ¢ja(t)cra(r) for some new matrix [c;(¢)] and

finally (5) substituting

d2 dZ
Cos= cof(F;, D= wi()AF}, (3.33)
j=l1 Jik=1

for Ay = 3,0y Fi (see the derivation in section A.5 in the appendix). The matrix D; — D; is
clearly skew-Hermitian, so it is of a form D; — D} = —i E; for some Hermitian E;. Now, recall
M, was in standard form, so matrix [, ()] is positive semidefinite, i.e. it may be cast into a
form

-1

Yuv (1) = Z 8pi (1) gvi (t) (3.34)

for some matrix [g;;(f)] € M2_;(C). Then, by defining G, = ) ; gai(t)F; we can rewrite M,
as

M, (p) = —i[H,,p] + Z <Ga,tha,t ) {Ga,,Ga,r,p}> ; (3.35)

which is sometimes referred to as the second standard form of a generator. All of this allows
to rewrite expression for L, as

L=L"+I"+1® (3.36)
where individual parts I:t(i) are defined via

_ . 1 . .
L (p) = —i [H,+ K, +E,p|] — 3 > {Gh Gai+Ch Caiip} (3.37a)

LY (0) =" GaupGr,, (3.37b)

L? (p)

T
(Z ca,zpC’;,t> =0 (Z Ca,,pCz,,> . (3.37¢)

1
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Now, select an increasing sequence (7;)7_, C [s,] of instants such that 7o = s and 7, = 1.
Then, we can express the propagator V; ; in a form

0
V= lim [T &7 7", (3.38)

" max | 7j41—7;|—0
JH1TT) j=n—1

i.e. we approximate the exact propagator by a composition of semigroups; this is known as the
time-splitting formula [3]. Denote 741 — 7; = A;. Applying decomposition (3.8) we have, by
Lie-Trotter product formula,

2 n
. A;
Mk = exp( Z ) = lim <Hexp —JL( )> . (3.39)

k=0
We now have to specify properties of three maps exp %Z,,(k) for k=0, 1 and 2:

(1) Case k=0. Let us define

d2
A | ) )
W=t —i(H+K+E)— 5 > (Gl Gau+ €l Ca) (3.40)

a=1
for fixed 7, j and a mapping § — f; € CP(M,(C)) by setting
fe(p)=epet™ peMy(C). (3.41)
Then, by direct calculation one can easily check that we have

A
dgf e(0)="TL" (£ (1) (3.42)

i.e. the identity
fe =exp>—L 5 SO (3.43)

holds for all £ € R, i.e. {fg : € € R} is a group of completely positive maps. In particular,
AFO0) _ oo
exp—tL, " =fiis CP.
(2) Case k= 1. Note that L") defined in (3.37b) is a CP map (being in its Kraus form).
Therefore exp %it(]) is also CP due to proposition 6 (see appendix A.3.3).

(3) Case k=2. Finally, I:,(z) given via (3.37¢) is clearly a coCP map. Then, by virtue of pro-

position 7 (appendix A.3.3), the remaining map exp %Zl(z)

is decomposable.

In the result, the map appearing under the limit in expression (3.39) is decomposable for
every n (as a composition); this shows e~ is also decomposable, since it is a limit of a
sequence of decomposable maps in closed cone D(M,(C)). This very same fact then shows
that V, ; given in (3.38) is also decomposable. Finally, one checks by direct calculation that
L, = M, + N, nullifies the trace, i.e. trL,(p) = 0. This yields that a family {¢™" : 7 € R, } must
be trace preserving for every choice of # € R ; in consequence, every map e~/ 7 in decom-
position (3.38) is also trace preserving and so is the whole propagator V, . This concludes the
proof. O
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We furnish our result with the following equivalent statement. Recall that, as a finite dimen-
sional vector space, M,(C) is isomorphic to its algebraic dual M;(C)’ with duality pairing
expressed in terms of the trace,

My (C)' x My (C) > (f,a) = trba, (3.44)

where a mapping f — by € M,(C) is a bijection. Let ¢ be a linear map on M,(C). Then, there
exists another linear map ¢’ on M,(C) such that

tra¢(b) =tre’ (a)b, a,beM,(C), (3.45)

which we call dual to ¢ (with a slight abuse of terminology). We have:

Theorem 3. Family {A; : t € R, } of linear maps on M;(C), subject to equation (3.7) in inter-
val [t1,1] C Ry, is D-divisible if and only if there exists a Hermitian matrix S, € M,(C) and
map ¢, € D(My(C)) such that the generator L, admits the form

) 1
Li=—i [ST"]+<)OZ_§{<)DZ/(I)a'}' (3.46)
Proof. It suffices to set two CP maps,

¢ (p) = GaupGly Yi(p) = _ CaipCh, (3.47)

where we used the same notation as in the proof of theorem 2. Then one checks that both parts
M; and N; of the generator may be conveniently re-expressed as

M= i [Ho ) +60— 5 (0] (D), ), (3.480)

No= i (Koot Bt 5 (0 ().} (3.485)

and their sum can be shown with a simple algebra to be in the claimed form after defining a
decomposable map ¢, and Hermitian matrix S; via

o =¢;,+00v¢, S=H+K+E, (3.49)

and notifying (6 o ),)’'(I) = o/ (I). O

In order to confirm validity of our results, we verified if families given by L, in proposed
form were indeed decomposable. We checked for condition stated in theorem 1 by minimizing
the functional p — tr C,.p over a convex set V,; N V4. This was achieved via a numerical and
symbolic application of SDP optimization routines for a very wide range of different forms of
L, in different dimensions and values of ¢.
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3.3. Asymptotic complete positivity

In general, decomposability properties of D-divisible dynamical maps turn out to be quite sur-
prising, as we were able to check numerically. For instance, it may happen that A, suddenly
becomes completely positive despite the fact that the propagator V, ; remains fruly decompos-
able, i.e. has a non-zero coCP part. Behavior of A, in this manner may be quite complex and
ranges from being simply CP to even fluctuating between complete positivity and decomposab-
ility. Under particular circumstances, i.e. under specific choice of the generator, an interesting
phenomenon of A, is observed: namely, it is possible that initially A, is decomposable and then
it switches to being only CP and remains such as time progresses. This observation justifies a
following definition of asymptotic complete positivity of decomposable maps:

Definition 5. We will call a family {A, : 7 € R, } asymptotically CP if there exists o > 0 such
that A, is CP and trace preserving for all t > ;.

In fact, asymptotic complete positivity is observed even in simplest semigroup case, as
an example (see below) demonstrates, and is analyzed by examining the spectrum of Choi
matrix C,,. Since A, is Hermiticity preserving, Cp, is Hermitian and therefore it suffices
that specCp, C R4 for A, to be CP, which in turn is guaranteed if the smallest eigenvalue
Amin(Cw) is non-negative. Therefore one should be interested at least in finding some well-
behaved and computable lower bounds for smallest eigenvalues. One such bound was spe-
cified by Wolkowicz and Styan in [12, theorem 2.1]. Let A € M, (C) be a matrix of real spec-
trum, specA = {\;(A) : 1 <i < n}, A\;(A) € R. Then, the smallest eigenvalue Apin (A) satisfies

inequalit
q y "

pa —vavn—1 < Apin (A) < pa — ) (3.50)

n—1

for s = %trA and 3 = %tr (A%) — 3. This allows to formulate a following sufficient condi-
tion for complete positivity:

Proposition 2. A trace preserving map ¢ € D(M,(C)) is CP if
d
d2
2
>l Epll; < 5 (3.51)

ij=1

where ||a||, = \/tra*a stands for the Hilbert-Schmidt norm of a € My(C).

Proof. Clearly ¢ € CP(M,;(C)) if Amin(Cy) is non-negative. By a simple algebra involving
trace preservation of ¢ one checks that

d d
wCp=d,  twCi=> tro(EyeE)=Y_ e Eylls, (3.52)

ij=1 ij=1

since Ej; = Ej; and ¢ is Hermiticity preserving. This allows to check that Amin(C,,) satisfies

1 d
Mnin (Co) =~ | 1= | (@=1) | D Nl E)l—1 || (3.53)

ij=1
which comes from (3.50) after putting A = C,,, n = d”. Finally, demanding the above lower
bound to be non-negative yields the claim. O

A following criterion of asymptotic complete positivity arises:
14
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Theorem 4. Let {A, : t € Ry} be D-divisible trace preserving family. If it happens that

d
P
. 2
Jim > A By < (3.54)

ij=1

then the family is asymptotically CP.

Proof. Let g(¢) = Ziizl ||AI(E,])||§ If indeed lim,_, . g(#) < df—il then by definition of a

limit there exists 7y > 0 such that g(¢) < df—il for all 7> ¢, and we have Ayin(Ca,) =0,
A, € CP(M,(C)) by proposition 2, i.e. a family is asymptotically CP. O

3.4. Decomposable semigroups

Here we briefly remark on the semigroup case. It is immediate that by suppressing all time
dependence in decomposition (3.8) we obtain a general characterization of D-divisible trace
preserving semigroups over M, (C), for any d. Clearly, a semigroup is D-divisible if and only
if it is decomposable, so we have a following corollary of theorem 2:

Theorem 5. A semigroup {e'" :t € R} is trace preserving and decomposable iff L is of a
form stated in theorems 2 and 3, with all matrices time independent.

We note here that an equivalent formula for generator L in semigroup case was derived by
Franke in 1976 [13], however with methods different from ours and without explicit utilization
of decomposability.

In some cases, the limit appearing in theorem 4 may be computed exactly. For example, if L
is diagonalizable, its value turns out to be determined by the biorthogonal system of eigenbasis
and associated dual basis of L:

Theorem 6. Let L be diagonalizable, let O € spec L be of multiplicity 1 and let € € kerL be an
associated eigenmatrix. Then,

d
im > [l (Ep)|[2 = (el 18]1,)* > 1, (3.55)

1— 00
ij=I

where 8 € My(C) is an element of dual basis of L such that (§,e), = 1.

Proof. Let again g(7) = Zf =1 ||e™(Ey) Hi and assume that L is diagonalizable, i.e. that there

exists a linearly independent set {e;} spanning Ce of (not necessarily orthogonal) normalized
eigenvectors of L € M (C), the matrixized version of L, as elaborated in section A.2. Then,
one can show that there always exists so-called dual basis (or reciprocal basis) {b;}, also

spanning C, which is subject to relation (b;,ej) = ¢, or that ({e;},{b;}) constitutes for a

biorthogonal system. Then, every operator A acting on cs may be cast into a form

A= Z a;j(b;,-)e; (3.56)
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for coefficients a;; = (b;,Ae;). In particular, when basis {e;} is chosen as an eigenbasis of A,
we have

A= ZA Ve;, (3.57)

where \; (A) € specA, i.e. A admits a pseudo-spectral decomposition as a combination of
non-orthogonal rank one pro_]ectlon operators onto its eigenspaces. By diagonalizability,
A = PDP~! for invertible matrix P, built from eigenvectors e; stacked column-by-column
and diagonal matrix D = = diag {\; (A)}. In result, every analytic function f of A shares the
same eigenspaces and flA )= PA(D)P~", i.e. spec flA) = {f(\i(A))}. Let us therefore denote
SpecL {p;} and assume Lis dlagonahzable Then L admits a decomposition (3.57) for eigen-
values y;, eigenvectors e; and associated dual vectors b;. Naturally, map L itself is also diag-
onalizable and we have

d
rL:ngtwi,.hgi’ (3.58)

where 3; = vec™!b;, ; = vec ™! ¢; are eigenmatrices of L and (Bi,€j)2 = 6.

From general theory of positive unital maps, we know that spece’” lays inside unit circle
(being a trace norm contraction), contains 1 (as a result of trace preservation) and is closed with
respect to complex conjugation, i.e. e/’  eti! € spece' (by Hermiticity preservation property)
[14]. This implies that O € specL and specL\ {0} consists of pairs {u;,7z; : Rey; < 0} and
possibly some negative reals. Let us then set p1; = 0. We have

el =1 and eli! = e~ IRemlipimut | < <2 (3.59)

where we write —|Re ;| to emphasize negativity of real parts. Decomposition (3.58) allows
to re-write expression for g(#). First, one easily confirms that

dz
(e (Ey),e" (Ey))r = Z ertel! (( By, Ey)ack, (B, Ey)aci) (3.60)

k=1
dZ

_ Z (Tt )t (ﬂk)ji@<5k751>2

k=1

which comes from properties of inner product and property trE;[a;] = aj;. Substituting this
into formula for g(r) we have

g(n) =Y elFitmiz, (3.61)

for shorthand notation zy = (f3;, Bi)2{(ek, €1)2- Applying properties of eigenvalues j1; we recast
this into
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) =2z11 +Ze 2|Re puelt, k_,_zze IRe it p—|Repult R [eilm(uk—uz)lzkl ] (3.62)
k<l

Clearly, both sums vanish exponentially as t — oo, so
. 2 2
lim g() =z = 181 |- (3.63)

By Schwartz inequality, 1 = (81,e1)2 < ||B1]], |le1]l,, so indeed lim,_, o g(¢) > 1, as claimed.
O

4. Examples

Here we present two simple examples of D-divisible trace preserving evolution as outlined
in preceding sections in low dimensional matrix algebras. The first one concerns a decom-
posable semigroup over M,(C), whereas as the second one we explore a very basic case of
time-dependent generator in M3 (C). For simplicity and readability of obtained formulas we
choose the appropriate generators in simplest possible way, e.g. by choosing matrix [wj(?)] as
a diagonal one or neglecting some parts of generator L, (such as commutator terms).

4.1. Decomposable semigroup on algebra M (C)

As a first example, we examine a decomposable semigroup on algebra of complex square
matrices of size 2. We set

1 < 1
L(p)=N(p) = B Z Nuv (Uupgu ) {Uyoﬂ,p}> ) 4.1

pv=1

where o is the usual basis of Pauli matrices, i.e. we explicitly neglect the M generator from
decomposition (3.8) and the commutator part of (3.9). The geometric tensor €2 may be then
computed by applying (3.6); its only non-zero coefficients Qfl'fy read

Q11 - Q22 - Q12 - QIS - Q31 - QZI - Q11 - Q22 - Q%%

—of-ol-oi-of-of-oR=of-ali= @
Q=0 =0L=05=03=0 =05 = —%7 (4.2b)
My =05 =05 =03 =05 =05 = 5 (4.2¢)
L (4.2d)

2

For demonstration purpose of this example we choose a diagonal matrix [wj],

[wik] = diag{wi, ..., wa}, w; >0. 4.3)
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Matrix [1,,,,] also admits a diagonal form

1.
(] = Edlag {wi+wy — w3 +wy,wi +wa +ws —wg, —wi +wa + w3 +wa} 4.4

After some computations, one arrives at the generator L,

1 s12(pi1 — p22) — (523 +524) p12 + (Wa — w3) pay
L(p) = 4.5
() 2 ( — (23 +524) P21 + (Wa —w3) p12 s12 (P11 — p22) 43

for s;; = w; +w;. Next, performing the vectorization of L (which we omit here for brevity) we
obtain its spectrum,

specL = {1 =0, = —S12, 43 = —523, 4 = —S4 }, (4.6)

as well as corresponding eigenmatrices ¢; such that L(e;) = p; €;, which in this particular case
happen to be equivalent to Pauli matrices,

1 1 1 i

—I, ey=——=03, €3=—=0], E4=——=0.

In such case, a dual basis is identical, 3; = ;. Dynamical semigroup e~ can be then (again,
by vectorization techniques) characterized by its action on matrix p = [p;] via

pi = [py (0] = € ([p4]), 4.8)

for matrix elements

g1 = (47)

1 1

p1 (1) = 2 (1 + 67“2[) P11+ 3 (1 — efs'zt) P2, (4.9a)
1 —s§23t —841 1 —s§23t —8241

P21 (I) = E (e B >p12 + E (6 B e )pzl, (4.9b)
1 —s§23t —84t 1 —s§23t —84t

pa(t) = 2 (e7" — &™) pyy + > (e + ) pia, (4.9¢)
1 —sat 1 —S12t

o () =5 (14 e ) po+ 5 (1 =€) pu1. (4.9d)

The Choi matrix C,z is Hermitian as expected and reads

1+ e 512! 0 0 eSB! gt
1 0 1 — e—Slzf e—Sz3l‘ _ e—.¥24t 0
Co = > 0 st _ st | gt 0 (4.10)
eSB! 4 gt 0 0 [+ e512!
and its spectrum is found to be
1
A1 (Co) = 3 (1 —e S gl eﬂ“’) , (4.11a)
1 —S12f —S$23t —S4t
A2 (Cpn) = 3 (1—e™"2 el — g7 (4.11b)
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2 — A1 (Coir)
— Mo (Cuz)
— X\3(Cuir)
15 M(Coir)
1
0.5
00 2 4 6 8 10
t

Figure 1. Spectrum of Choi matrix C,. as function of ¢ for parameters w; = 0.3,
wy =0.4, w3 =0.7, wa =0.1. All eigenvalues are non-negative, i.e. semigroup is

always CP.
1 —S12f —8231 —S41

)\3(C61L):§(1+e g7l ¢ 24), (4.11¢)
1

A (Con) = > (14 e e g o), 4.11d)

Depending on actual values of w;, the smallest eigenvalue of C,. may change sign and
monotonicity. It is then possible for the semigroup to exhibit a mixed behavior:

(1) it may be CP for all 7 > 0, when Ay, (C,) is everywhere non-negative; exemplary plot
regarding such situation is shown in figure 1,

(2) it may be decomposable (with both CP and coCP parts non-zero) for all # > 0, when
Amin(Cor) < 0 everywhere; see figure 2,

(3) and finally, it can be decomposable in some interval (0, ] and then become CP for 7 > 1,
i.e. it may be asymptotically CP, as presented in figure 3.

4.2. Time-dependent commutative Lindbladian in d = 3

Our second example concerns a simple time-dependent Lindbladian over algebra M;(C)
which we choose as

L,=g(t)L, whereg(t)=e ' (1+sinwt), 4.12)

and L = €M + ;N is constant and given as in (3.8) and (3.9), however lacking commutator
terms; €1, €2, w > 0 are dimensionless parameters. Just as earlier, we choose a diagonal matrix
[wit], this time of a form

3
lwi) =Y Ei ® E; = diag{1,0,0,0,1,0,0,0, 1}, (4.13)
i=1

19
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2 — \(Cor)
— Aa(Cr)
15 — 3(Cr)
A (Cuir)
1
0.5
0
~0.5
0 2 4 6 8 10

t

Figure 2. Spectrum of Choi matrix C,. as function of ¢ for parameters w; = w, =0,
w3 = 0.2, wsy = 0.7. One eigenvalue remains negative for all > 0, i.e. a semigroup is
decomposable, yet never CP (except for r = 0).

2 — \(Cor)

| _)\2(CefL)

L — 23(Cur)

| As(Cour)
1 ?
0.5 |
0 1
Lo,

0 2 4 6 8 10

Figure 3. Spectrum of Choi matrix C,. as function of ¢ for parameters w; = 0.1,
wy = 0.03, w3 = 0.2, wa =0.9. The smallest eigenvalue Apin(C,z) changes sign in
neighborhood of 7y ~ 3.79 and remains positive for all # > 1, i.e. a semigroup is asymp-
totically CP.

which in result yields

[mu]—6d1ag{5,5,2,1,1,—2}®6(\/5 s ) (4.14)

Matrix [7y,,,,] which defines the part M of the generator is simply chosen to be identity, 7, =
.- Note, that function f is always non-negative so positive semidefiniteness of matrices [y,,,,]
and [wy] cannot be spoiled. The Hilbert-Schmidt orthonormal basis {F;};_, spanning M;3(C)

20
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consists of Gell-Mann matrices (up to normalization); see appendix A.l for details. After
evaluations, we obtain the action of maps M and N,

8
1
M(p) = E (FupF# -3 {Fi,p}) (4.15a)
p=1
—2p11 + p22 + p33 —3p12 —3p13
= —3pa1 P11 —2pn +p33 —3p23 ;
—3p31 —3p3 pui+ pn —2p3
i 1
N(p) = Z Nuv (F[L/DF}L - 5 {Fiap}) (4.15b)
por=1
1 [ 6(2putpntps)  Apn—Tp  4ps— 19013
=1 4p12 —Tpai 6(pi1—pn)  2(2p32—5p2)
4p13 — 19p3: 2(2p23 —5p32)  6(p11—p33)

Notice that generator L, satisfies commutativity condition [L;, L] = 0 for any two chosen
t,s € R, . This convenient property implies a particularly simple, formal expression for A,

t
A, =exp / Ldt’ = WL, (4.16)
0
where

t

)= /g(t’)dt’ =l—-e'+

0

T (w—we 'coswt — e 'sinwr) . (4.17)
w

Map A, is then defined by its action, p, = A,([p;]), for explicit matrix elements

pu1 (t) = p1 (1) pri+p2 (1) p22 +p2 (1) p33, (4.18q)
p22 (1) = p2 (1) pr1 + 51 (1) po2 + 2 (1) p33, (4.18D)
p33 (1) = p2 (1) pr1 + 52 (1) po2 + 51 (1) p33, (4.18¢)
p21 (1) = q1 (1) pra+q2 (1) a1, p12(8) = g2 (1) pra+ 41 (1) pas, (4.18d)
p31 (1) =ri(0) pis+r2(0) p3r, P13 (1) = ra (1) prs + 11 (1) pi, (4.18¢)
p32 (1) =uy (1) po3 +uz (1) p32,  p23 (1) = u (1) p32 + w2 (1) po3, (4.18f)

and functions

1 ,
()= (1+2emiCater), (4.19a)

21
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0.06

—@— ¢, =01, e =02 (CP) H

—8—¢; = 0.01, e2 = 0.2 (decomp.)

0.04 —@—¢; =0.1, &, = 1.0 (asymp. CP) [
0.02
0
—0.02
—0.04

0 1 2 3 4 5

Figure 4. Time dependence of Apin(Ca,) (numerically obtained) in example 4.2 for dif-
ferent values of €1, €, and fixed w = 10, showing three possible regimes of the dynamical
map A, being CP (¢; = 0.1, e; = 0.2), decomposable (¢; = 0.01, e, = 0.2) and asymp-
totically CP (¢; = 0.1, e = 1.0).

pa(t) = % (1 - e—%<26'+52>f<f>) , (4.19b)
qi2(t) = %e*%(lkﬁrﬁz)f(t) (1 == e*%%f(’)) 7 (4.19¢)
() = %e*(*ﬁ%ez)ﬂ” (_1 _|_e—§€zf(t)) 7 (4.19d)
" (f) = %e_(sel+gez)f(z) (1 _|_e*%€zf(t)) ’ (4.19)
s1a(f) = é [2+e*(361+362)f<’> (1 j:3e€2f(’))} , 4.19f)
i o (1) = %e—(kﬁ%ez)ﬂﬂ (1 xe—%fzfm) . (4.19g)

After some effort, one can calculate the associated Choi matrix C,, and its spectrum (for
sake of reader’s convenience we chose to avoid presenting the resulting cambersome formu-
las), at least numerically for chosen values of parameters. Similar to the previous semigroup
example, we had examined the time dependence of Ayin(Cy,), the smallest eigenvalue of
Choi matrix, for a wide range of ¢, ¢, and w and found the behavior of A; to be in par-
allel with the semigroup case, i.e. A, may be always CP (when Apin(Ca,) = 0, £ > 0), always
decomposable (i.e. with coCP part non-zero, when Apin (Ca,) < 0, ¢ > 0) or asymptotically CP
(when Apin(Ca,) = 0 for all £ > #y), depending on parameters €; . Some exemplary plots of
Amin(Ca,) are presented in figure 4. Clearly, lowering the €] /€, ratio decreases the significance
of part M (4.15a) of the generator and pushes the dynamics from global complete positivity
towards decomposability.

22
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Appendix. Mathematical supplement

A.1. Hermitian Hilbert-Schmidt basis

Let {Fi}f’il be the Hermitian Hilbert-Schmidt orthonormal basis in My(C) subject to
conditions (2.2), i.e.

1
wFiFy =0, €Fj=08p, Fp=—=I. (A.1)

F. = F*
’ Vd

]

Matrices {F;} can be then constructed explicitly in a following way [15, 16]. Let again Ej
denote matrix units, i.e. they contain 1 in position (j, k) and O s elsewhere. Let us define matrices
Wi, K{ € My(C) such that

1 .
— (Ejx + Eyj), fork<j,
Wy = \/ii( ‘jk ki) J . (A2)
_ﬁ(Ejk_Ekj)a fOI'k>],
such that j,k € {1, ..., d* — 1}, j #k, as well as
| k
Ki= —=— ZE]j_kEkJrl,kJrl ) (A.3)

K+ ) \ 5

where k € {1, ..., d— 1}. Then, the set { W, K, %Id} contains d* matrices and is orthonor-
mal (with respect to Hilbert-Schmidt inner product) and complete, being a basis of M,(C).
Its elements are then labeled F; for 1 <i < d*. Matrices W are either symmetric off-diagonal
or antisymmetric and matrices K are diagonal and of zero trace. By simple counting, there
is then exactly %d(d — 1) of both symmetric off-diagonal and antisymmetric matrices and d
diagonal matrices (including Fp = ﬁl).

One then introduces the so-called structure constants f ;. and g, which respectively define
the commutation and anticommutation relations amongst matrices Fj,
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£-1 £—1
[Fi,Fj] = Zﬁijk, {Fi.Fj} = Zgiijka (A.4)
k=1 k=1
being defined as
fix = Fe[Fi, Fj], g = trFi{F;, Fj}. (AS)

It is worth noting that structure constants characterize M,(C) as a Lie algebra. These allow us
to derive a following composition rule

P
F.Fp, = Zgathc (A6)
c=1

for coefficients & = %(fijk + gijk) = tr F; F;Fy.

A.11 Cases d=2,3 When d =2, matrices F; are proportional to usual Pauli matrices:

1 01 1 0 —i 1 1 0
re(1o) 2= (00) Ao o) a0

and Fy = %I. For d =3 instead, resulting matrices take the form

L [0 10 L {001
Fi=—( 1 00|, m=—[00 0], (A.8)
v2\ 9 0 o vV2\ 1 0 o
L {000 L [0 =i 0
FB=—001]|, Fm=—|i 0 0],
V2o 1 0 V219 0 o
L [0 0 =i L {00 0
Fs=—| 00 0|, Fe=—[0 0 —i ],
V21 0 o V2o i o
A L1000
Fr=—1|0 -1 0], Fg=—1{0 0
V2o 0 o Vel o o -2

and Fy = %I, i.e. they are proportional to Gell-Mann matrices.

A.2. Vectorization and matrixization

Recall, that M,;(C) is isomorphically identified with C# and B(M;(C)) with M (C). It is
then very common and convenient to utilize these identifications in order to represent matrices
as (column) vectors and linear maps on M, (C) as matrices of size d2.

Every bijection M,(C) — C? defines so-called vectorization scheme [17, 18]. A conveni-
ent vectorization, which we here denote by vec, is the one given as the operation of flattening of

a matrix—namely, for a matrix [m;] € M,(C) we define a unique vector m = vec ([m;;]) € cs
via [18]

m = vec ([my]) = (my, mia, ..., Mg, moy, ma, -~,mdd)T, (A9)
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i.e. by putting rows of [m;;] one behind another, or in a lexicographic order. We remark here,
that the convention of vectorization we use in this article is by no means universal. For example,
some authors prefer the matrix flattening not in a row-by-row manner, but rather in column-by-
column manner, which is sometimes called a reshaping. For details, see [17] and references
within. The inverse operation vec™! : c - M, (C) reforms vectors back into matrices by
splitting them into d-tuples and stacking one behind the other; such operation is sometimes
called matrixization. Every linear map T on M, (C) then admits a unique representation as a
matrix 7 € M2 (C) in such a way, that for any m € My(C), matrix T(m) is identified with 7m,
i.e. T(m) = vec' (Tm).

A.3. Linear maps on matrix algebra

A.3.1. Operator-sum representation Let T: M, (C) — M,,(C) be linear. Then, there exist
two nonunique, finite families of matrices {A;}, {B;} € M,, ,(C) such that action of T on any
a € M,(C) can be expressed as

T(a)=> A;aB], (A.10)

where it is customary to put the Hermitian conjugation of matrix B;. Form (A.10) is called the
operator-sum representation of T. For example, any Hermiticity preserving map possesses a
form

T(a)=> MAiaA] (A.11)

for some family of matrices {A;} and real coefficients A; [19]. If in addition all \; > 0, then T
is completely positive.

Assume 7 is an endomorphism over M;(C). Expanding matrices A;, B; in basis {F;} one
quickly checks that (A.10) can be equivalently expressed as

&
T(a) = Z l‘,‘jF,'aF,‘ (A.12)

ij=1

for some coefficients #; € C. Then, we easily see that T is Hermiticity preserving if and only
if [t;] is Hermitian and CP if and only if [£;;] > 0. We have a following

Proposition 3. Matrix [t;j] € M2(C) in decomposition (A.12) may be computed as
z,-,-:tr[(F,@Fk)*ﬂ, (A.13)

where T € M2 (C) is a matricial representation of T under vectorization scheme elaborated
in section A.2.

Proof. It may be shown [17, 18] that the mapping a — AaB, for a,A,B € M,;(C), can be
represented under the vectorization scheme (A.9) as a matrix A ® BT where ® is the usual
Kronecker product of matrices, i.e.

vec(AaB) = (A® B")a. (A.14)
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This means that general prescription for linear map (A.12) is equivalently represented as a
matrix T of size d> of a form

d2
T=> t(FiaF). (A.15)
ij=1
Notice that {F} is still a Hilbert-Schmidt orthonormal basis in space M,(C)T ~ M,(C), and
so a set {F; ® F } spans space M(C) ® My(C)" ~ M, (C) being still a Hermitian Hilbert-
Schmidt basis. This, together with Hermiticity of F; immediately implies

tij:<Fi®FjT7T>2:tr[(Fi®fj)*ﬂ, (A.16)

which is the claim. O

A.3.2. Transposition map We grant a special attention to a transposition map, i.e. a linear,
Hermiticity and trace preserving map 6 : M,;(C) — My(C) acting via prescription 0([a;]) =
[aji]. Let again a space M;(C) be spanned by a Hilbert-Schmidt orthonormal basis {F;} satis-
fying properties (2.2). Then we have a following result:

Proposition 4. Let

f=diag {01, ... 00} =Tryq 1) ® (—I%d(d_l)) o1, (A.17)

Define also a set
1
j:{1+2d(d—1),...,d(d—1)}. (A.18)
Then, the transposition map 6 admits an operator-sum representation of a form
d2
0(a)=a" = Ze,- F;aF; (A.19)
i=1

for coefficients 0; € {—1, 1} given explicitly as

-1 i
g =] 1 Jforicd, (A.20)
+1, otherwise,
which therefore yields
d2
0(a) :ZFiaF; —ZZF;aFi. (A21)
i=1 icJ

Proof. From proposition 3 we know that the transposition map may be put in its operator-sum
representation

&2

ij=1
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for matrix [0;] € Mz (C) calculated from formula (A.13), where 7 is chosen as a matricial
representation of 6 under the vectorization scheme. It is not difficult to show that general
structure of 7'is

d
T=> E;®E; (A.23)

ij=1

where E;; are matrix units. T then consists of d? square blocks containing only single 1 at some
location and O s elsewhere and in fact is a permutation matrix (in literature, those are sometimes
called SWAP matrices). As an example, below we demonstrate appropriate matrices for d =2
and 3:

1 0{0 O
- 0 0|1 O
Tryo = 0 110 o | (A.24a)
0 0/0 1
1 0 0[]0 O 0|0 O O
00 0[1 0 0|0 0O
00 0[O0 OO|1 0O
A 01 0j0 0 0|0 O O
T5.5=] 0 0 0/l0 1 0/0 0 O (A.24b)
00 0j]0 0 0|0 1 O
0 0 1/0 0 0l0 OO
0 0 0[O0 OT1l0 0O
0 0 0|0 OO0 O 1
Now, by Hermiticity of F; we have
by = |(Fi 0 F5) 1) =w[(F 0 F])1]
d d
= Z tr (FiEkl & FJTE]k) = Z trF;Ey - tI'FJTElk
ki=1 k=1
d d
= (Fi,Eu)(Eu, F} <Fz, > (EuF, 2Ekl>
k=1 k=1 )
= (Fi,F])a, (A.25)

since canonical basis {Ej} is yet another (nonhermitian) Hilbert-Schmidt orthonormal basis.
Notice that FT +F; depending on symmetry of F; and so

by = £d; (A.26)

and matrix [0;] is diagonal, 6; = diag {6;} for 0; = £1.1f 1 <i < 1d(d — 1), i.e. F;is symmet-
ric, we have 6; = 1; if, on the other hand %d(d— 1)+1<i<d* —d,ie. F;is antisymmetric,
we have ; = —1. In the remaining case d> —d + 1 <i < d” the resulting diagonal matrices
F; are naturally also symmetric, so we still have 6; = 1, as claimed. O
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Proposition 5. The following statements hold:

(1) For every (not necessarily Hermitian) Hilbert-Schmidt basis {G;} there exists such a
Hermitian matrix [m;] € M (C) unitarily equivalent to 6 (A.17) that the mapping a —

Z? j=1mijGiaG; is a transposition.

or every matrix |my] € Mp unitarily equivalent to matrix ) (A. there exists
(2) F ] il € M2 (C itaril ival ix 0 (A.17) th

such a (not necessarily Hermitian) Hilbert-Schmidt basis {G;} that a mapping a —

d  : .
>_ij=1mijGiaG; is a transposition.

Proof. Ad (1).Let {G;} be some orthonormal Hilbert-Schmidt basis. Then there exists a unit-
ary transformation matrix U = [u;;] € M2 (C) such that

Gi =) wiF; and F; =) G (A.27)
J J

Set a matrix [m;] as

[my) = U*0U,  my =Y OSuttguy;, (A28)
kl

which then yields, for a € M,;(C),

Zm,jG,an* = Z@iFiaF,- = GT (A29)
ij i

after easy algebra. Ad (2). Analogously, let again [m;] = U*QU for some arbitrarily
chosen unitary U = [u;]. Then, if one defines G; =} ;u;F; then immediately we have
Zijm,-jGian’f =Y".0;F;aF; = a" and there exists such a basis. O

A.3.3. Some properties of decomposable maps
Proposition 6. Let ¢ € CP(M,(C)). Then e® € CP(M,(C)) as well.

Proof. Recall that, since ¢ may be represented as a complex square matrix of size d2, one can
always express e? as a limit

n—oo

1 n
e® = lim (id+ ¢>> : (A.30)
n

where all maps of a form (id + %d))”, n € N, are also CP. Then, the limit also defines a CP map
since the cone CP(M,(C)) is closed. O

Proposition 7. Let ¢ € coCP(M,(C)). Then ¢® € D(M,(C)).

Proof. Let ¢ = 6 o ¢ for ¢ # 0 completely positive (case ¢ = 0 gives ¢?°? = id which is trivi-
ally decomposable). Then, it suffices to express e by putting 6 o ¢ in place of ¢ in for-
mula (A.30) and to notice that all maps under the limit are decomposable, for all n € N, as
is the limit itself by the fact, that D(M,(C)) is closed. O
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A.4. Secondary lemmas and proofs
Lemma 1. Geometric tensor §2 may be re-expressed in a form
O, = (F{F,, FLF;),. (A31)

Proof. Recall that the operator-sum representation (3.3) of transposition map may be
rearranged in a form of formula (A.21),

d2
6(a) = ZFiaFi — ZZFiaFi, (A.32)
i=1

ieJ

where 7 = {1+d(d—1)/2,...,d(d— 1)} enumerates the antisymmetric part of basis, i.e. a
linear span of {F; :i € J} is the subspace M, (C),,. of all antisymmetric matrices in M, (C).
This fact implies that Q’;‘V may be, after using cyclicity of trace, put in a form

P
Q]/'];u = <Fqu7Z'9i <FiaFqu>2Fi>2
i=1

= <FuFi7 (ide((C) - 2Pas.) (Fqu)>2 (A.33)

where idyy, (c) is the identity map on M4(C) and P, is the orthogonal projection onto M;(C)ss.
given as

Pus. () = Y (Fia)F;. (A.34)

icJ

Let {e;} be a canonical basis in C?. By dimension count, it is easy to see that space M,(C)
may be identified with a Hilbert space tensor product C? @ C¢, with a mapping ¢ : C¢ ® C¢ —
M, (C) defined by its action on basis elements as

C(ei ®ej) = Eyj = le;) (¢j] (A.35)
and then extended by linearity, being a natural bijection. Under action of (, every vector x =
doiei ®ej € C? ® C? can be isomorphically represented as a matrix [x;] € M,;(C) and vice
versa. This implies, that My(C),,. is identified with C? A C%, the antisymmetric subspace of

C?® C?. Inresult, operator Py, = (! 0 Py, o ( is the corresponding projection onto C A C.
We know however, that such projection may be expressed in a form

1.
Pas_ = E (ld(cd®(cd — V) s (A36)

with V being the swap operator on C¢ ® C? defined via
Vx®y)=y®x, xyeC%. (A.37)
From this, we have

idyg,(c) — 2Pas. = Co Vo (T, (A.38)

29



J. Phys. A: Math. Theor. 56 (2023) 485202 K Szczygielski

which by direct check is a transposition on M;(C). In result, (A.33) reads
X, = (F.Fj,(F,F)"), (A.39)

which is equal to claimed form (A.31) after easy manipulations. O

Lemma 2. Matrix [w]k([)] S M:{z ((C) given via expiession
(Z) =1 *1 ([+ [) (A 40)
wj 1m i € .
ik N0 Eyjk )

is well-defined and positive semidefinite for all t € [t),1,].

Proof. Let v e C¢ and define function f, : [11,5,]> — R as

d2
fo(t,8) = (v, [y (1,8)] V) = Z ik (1,8) vV (A.41)

Jhk=1

Since matrix [yj(z,s)] was uniquely identified with a CP map Y, ; appearing in the propag-
ator, it is positive semidefinite for all ¢ > s, so clearly f,(¢,s) > 0 for every v € (Cd2 and t > s.
Moreover, from proposition 1 we have ¥, , = 0 and so fy(¢,1) = 0. Let then ¢ € [1,, 1] be arbit-
rary and assume indirectly, that f,(-,7) is decreasing in some interval [fo, ] for some 7y > t.
Then there exists £ > 1o such that f{£,#) < f(t,%) = 0, which is a contradiction. This yields
that £ — fy(£,1), where £ > t, must be non-decreasing for every ¢ > 0. We will use this reas-
oning in a following computation. The formula for matrix [wj(7)] can be rewritten as

1
wik (1) = P{% ik (t+¢,1)

— lim Yik (t+ 6,[) — Vjk (tv t) _ ayjk (€7t)

Jim - i (A42)

t

since yji(2,1) = 0, i.e. as aderivative w.r.t. first variable of a matrix [y (&,)], computed at § = 1¢.
This however yields, for every v € ce,

dz

d2
Oy
3w (e =Y yka(ft)

Jk=1 Jok=1

A )
T g

>0 (A.43)

t

due to demonstrated monotonicity of fy (-, 7). This shows that [wy(t)] € My (C)* for 7 € [t1,1,].
O

A.5. Derivation of formula (3.32)

Starting with expression (3.29) for N; we rewrite it by expanding the anticommutator and
expressing 7, (¢) as (3.10),
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& -1 & -1
S ID I ANUTNIRED S SEANCTIN:
Jk=1p,v=1 Jk=1p,v=1
& a1
—72 > Wi (1) pFuFy — Ko pl, (A.44)
]k 1 p,v=1

where we also put back Q"qu as given in (3.5) in each term. In order to reintroduce the trans-
position map 6 into the expression, we expand the summations over y, v up to d> and then
subtract redundant terms. The first term appearing at the right hand side of equality (A.44) is
therefore

& -1
Z Z ,uuwjk HpF
Jk=1p,v=1
= O (1) (Z EjuFy — @,-ngdz) p (Z € Fy — @kszdz>
Jkim w v
= O ( (FF 15 )p<FF lg )
= i ]k l ljd? 'k — = =Slkd?
Jkim \/a \/:i
- ijk [ 10F) " — AdFyp — pFiAT + bjkp} (A.45)
for quantities
Ac=Y 0&ueFr, b= 0i&urne (A.46)
1 1

where we employed composition rule (2.3) and operator sum representation (3.3) of transpos-
ition map 6 (all ‘limitless’ summation indices run from 1 up to d?). Next, we utilize the fact
that [wj(r)] was a positive semi-definite matrix for all 7, i.e. we introduce

wjk Z Cja Cka (A47)

for some matrix [cj(7)]. This, inserted into the last line of (A.45) allows to re-express it as

& dP—1
S O FupFy =3 [(CaunCi) = Dip—pDf +e(0)p] (A48)
Jsk=1p,v=1 «

where we defined
a t— Z C]a ]7 Dt Z wjk Ak e Z W]k ]k (A49)

and applied Hermiticity of [wj ()] in order to get the pD; term. Now, we notice that the two
remaining terms at the right hand side of equality (A.44) have essentially the same structure
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and differ from the first term only by order of matrices p, F,, and F,, so they can be transformed
by applying nearly exactly the same steps. After some easy algebra, we obtain

& P

Z Z k i (t)FyFup = Z —Di+e(n)]p (A.50)

Jsk=1p,v=I1
for the second term, as well as

& L1

SN pFFM—pZ i —Df =Dy +e(1)] (A.51)

Jsk=1p,v=1

for the third one. Now, we insert (A.48), (A.50) and (A.51) back into (A.44) which becomes

T
1
Nz(ﬂ) Kta (an tPCa t> _E[Dl_Dt*ap]
-5 Z {Ct . Canrp} (A.52)
(0%

after some effort.
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