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Abstract

An identity s & ¢ is called a hyperidentity in a variety V if by sub-
stituting terms of appropriate arity for the operation symbols in s = i,
one obtains an identity satisfied in V. If every identity in V is a hyper-
identity, the variety V is called solid. All solid varieties of a given type
7 form a complete sublattice S{7) of the lattice £(7) of all varieties of
type T . The concept of an M-solid variety generalizes that of a sold
variety. An equation s = ¢ of terms of type T is called P-compatible
where P is a partition of the set F = {fili € I} of operation symbols
of type T if it has the form z; = = or fi(t1,.. . ta,) = Fi{t1,. .., th.)
with f; € [fi]p . where [f;]p is the block of P containing f;. A variety
is called P-compatible if it contains only P-compatible identities. All P-
compatible varieties of type T form also a sublattice of the lattice of all
varieties of type 7. We ask for the intersection of both lattices, i.e. we
want to characterize solid varieties which are P-compatible or M-solid
varieties which are P-compatible.

1 Preliminaries

Qur informal definition of a hyperidentity shows that we are interested in a
map which associates to each n;-ary operation symbol f; an-n;-ary term o(f;).
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#H Proper P-commpatible Hypersubstitutions

Any such map is called a hypersubstitution. Let W, (X) be the set of all tcrms
of type 7 on an alphabet X = {z,,%,...,z,,...}. Using a hypersubstilution
@ we can define a uniquely determined mapping & defined on terms by

(i) &lz] = =,

(i) #[fi(ts, ..., ta,)] = o(fi)(Ofta], - .., Gta,))-

By Hyp(7) we denote the set of all these hypersubstitutions. If we define a
multiplication oy on the set Hyp(7T} by ay oy 74 := &1 0 3 where o is the usual
composition of functions, together with oy(f) := fi(z1,...,2,,) we obtain a
monoid Hyp(t) = (Hyp(r); 0n;0:4). If M is a submonoid of the monaid of all
hypersubstitutions of type 1 then an equation s = t of terms of type T is called
M-hyperidentity in the varicty V' of groupoids if for all ¢ € M the equations
& [s] = &[t] are satisfied ayidentities of V. Hyperidentities are M-hyperidentities
for M = Hyp(r}. A varicty V of type 7 is called M-solid if each of ils identities
is an M-hyperidentity for M = Hyp(vr). All M-solid varieties of type 7 form a
complete sublattice Sus (7) of the lattice £(7) of all varieties of type v with

M, € My = S, (7) D SaggT).

'To test whether an identity s =~ t of a variety V is an M-hyperidentity of V
our definition requires that we check, for each hypersubstitution in M, that
(s} = &[t] is an identity of V. Indeed, we can restrict our testing to certain
“special hypersubstitutions”. We recall of two concepts, both introduced by J.
Plonka {[4]}.

Definition 1.1 Let V be a variely of type 7. A hypersubstilution o is called
V -proper if for every identity s~ t in V, the identity &(s} = #lt] also holds in
V. We use P(V) for the set of all V -proper hypersubstitutions.

It is clear that (P({V);0x;0:4) is a submonoid of Hyp(r) = (Hyp(T); oa; 0ia)
and thai a varicty V is M-solid for M = P(V) and P(V) is the largest M for
which ¥ is M-solid.

Definition 1.2 Let V be o vaeriety of type 7. Two hypersui;.umu::’om o1, 02
are called V -equivalent (gy~vy o) if @y (fi) = a9(f) are identities in V for all
iel.
This relation can be extended to arbitrary terms ¢, i.e.
O~y 0 & 5’1[t] E=S4 &glt]

is an identity in V. Then one can prove. If ¢;~v0oq and #,[sj = &1[t] then
f2[8] = Galt] is an identity in V.
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We will use the following denotations:

1d V - the set of all identities satisfied in the variety V,
Cp(r) - the set of all P-compatible cquations of type 7,
Cp(V)=Cp(r)N1d V - the set of all P-compatible identities of V,
Ex(7) - the set of all externally compatible equations of type 1, ie, P-
compatible for P = {{fi}|i € I},
Ez(VY= Ex(rynld V,
N(7) - the set of all normal identities of type 7, ie. P-compatible for
P={{f}liel},
N(V)=N(rnld v.

It is easy to see that Cp(7T) and Cp(V) are equational theories, i.e. closed
under the rules of consequences for identities.

2  Cp(V)-proper hypersubstitutions

Definition 2.1 A hypersubstitution ¢ € Hyp(7) iz called Ce(V)-proper if for
all s = t € Cp(V) we have d(s] = &t] € Cp(V) (i.e. 6ls] =~ é&lt] € dV and
d(s] & &[t] = z; € X or ex([s]) € [ex(F[t])]p where ex(G[t]) denotes the first
operation symbol occurving in the lerm &t] ).

Let Mc,(V) be the set of all Cp(V)- proper hypersubstitutions of type 7.
Theu we have

Lemma 2.2 Mc.(V) forms a submonoid of Hyp(t).

Proof. If s = t € Cp(V) then Gis) = s = t = §:uit] € Cp(V), thus
Oia € Mc. (V). If 1,00 € Mg, (V) then for all s =~ t € Cp(V) we
have fy[s] = &2lf] € Cp(V) and then &, [dqfs]] = 4.,(a3[t]] € Cp(V) , ie.
(o1 o 0a) [5] 22 (01 04 02) [t] € Cp(V). Thercfore oy o g2 € M¢ (V). o

Remark that there are different possibilities to define sets of hypersubstitu-
tions which are connected with P-compatible identitics of the variety V, For
instance we could also define a hypersubstitution to be Cp(V)-generating if for
all s~ 1 ¢ Id V it follows that &ls] ~ &[t] € Cp(V). If we denote by G (V)
the set of all Cp(V)-generating hypersubstitutions we have

Lemma 2.3 Ge.(V) is a semigroup of hypersubstitutions which in general is
not @ monoid.
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Proof. If 71,60 € Gg.{V) then for all s = t € 1dV we get &ofs] =
&2ft] € Cp(V) and thus &[8;[s]] = &1[62t] € Cp(V). This means G, (V)is
closed under the product oy. But in general Ge,{V)} is not a manoid since
szteld V, but st & Cp(V} and then 6;4(s] = &:4[t] € Cp(V). D

Remarks:

1. If V is an idempotent variety, (i.e. (fi{z,...,7} = 2) € Id ¥) then a
hypersubstitution belonging to G- (V) haa to map each f; to one of the
variables ©1,...,Tn,.

2. Ciearly, Ge.{V) is a subsemigroup of the monoid P(V} of all proper
hypersubstitutions of type 7 and Mg {V) is the monoid of all proper
hypersubstitutions of the variety Vo, = Mod(Cp(V)} which is defined
by all P-compatible identities of the variety V.

That means, the variety V. is M-solid for the monoid ﬁrfc,,[ ] and
Mc (V) is the greatest monoid of hypersubstitutions such that Vo
M-zolid .

Theorem 2.4 Let ¥V be o variety of type T and let P be a partition of the sel
{f:li € I} of operation symbols. Let Mc.(V) be the monsid of all Cp(V)-
proper hypersubstitutions, If McP(V:I = Hyp(7) then P = {{fi}|i € I} or
FP= {f1 |'3 13 I}

Proof. Let s = t be an arbitrary identity of Cp(V) and assume that
P # {{fi}li € f}. Then we car assume that &8 = fi(s,...,9,,} and

t = fi(ty,...,tn;) with f; € [filp, fi # f;- (Such an identity exists since
P # {{fi}li € I}). Consider now a h}'persubstlt.unon which maps f; to
filz1,-.. s} and f; to A(f(z1,. . Tnyhe oo iz, +3Zn;}), where b is an

arbitrary operation symbol of P = { fi|z € I}. We may assume that h is not
nullary, otherwise we change the role of f and g. Since Hyp(r) = Cp(V) we
obtain 6[s} ~ &[t] € Cp(V} and k€ [fi]p and P = {f)i € I}. O

Note that Theorem 2.4 is a reformulation of |2, Theorern 8] which says that
it Mod(Cp(V)) is solid and Mod(Cp(V)) # Mod{Ez(V)) then Mod{Cp(V))
is normal. The proof is also only a reformulation of the proof of |2, Theorem 8j.

We consider some more examples, We will call a hypersubstitution & of type
7 & pre-hypersubstitution if for cvery ¢ € I the term o{f;) is not a variable
([3]}. Let Pre(7} be the set of all pre-hypersubstitutions of type 7. Let 7" be
the trivial variety of type 7, i.e. T = Mod{x == g} and let Id T be the set of all
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identities of type 7. Therefore Cp(T) = Cp(7) and M¢ . (T) = Pre(t)n{c|f; €
[filp = ex(o(f)) € [ex(o(f;))]p}. If V = Alg(r) is the class of all algebras
of type 7, ie. V = Mod[z = £} then V is solid. The set Id ¥ consists of all
equations where the terms on the left and on the right hand side are the same.
Clearly, Cp(V) = Hyp(7) for any partition P of {f;]: € I}.

Since M, (V) is a monoid we can apply the theory of M-hypersubstitutions
and M-solid varieties developed in [1}. We can apply hypersubstitutions
o € Mc.(V) to both, to equations and to algebras. If s = ¢ is an equa-
tion of terms of type T then we can form &[s] & &[t]. and define an operator
XE. by |
XE [T} = {o[s] = 8ltlle € Mcn(V),s 2t e T, T € Wi (X)),

The application of hypersubstitutions to an algebra A = (A;( f,-A),'E 1} of type
7 is defined by '
X4 K] = {oldlle € Mc,(V),A € K,K C Alg(r)}, where o{4] :=
(A {e{fi)her)-

It is easy to see that both operators have the properties of closure operators
which are defined for arbitrary non-empty sets ag union of the resnlts which we
obtain if we apply them tu one-element sets, i.e.

XEol= |J XE.((s=t})
sA9EEY

XK1= | ) x4, (4D
AEK.

Such operators are called additive. Further they are connected by the prop-
erty :
s~teld XA [K) e AE ({s=theld K.

Because of this property we speak of a conjugete peir of additive closure oper-
ators.

Further we use the following denotations:

H McP{V]Id {V) - the get of all Mg, (V)-hyperidentities satisfied in the variety
V and

H Mc,.(V)M od(%") - the class of all algebras of type 7, such that every equation
of ¥ is an Mg, (V)-hyperidentity of this algebra.

Furiher, we say that a variety K is Mc¢, (V) -solid if X' A‘?IcP(V)[K | = K. From
the properties of the pair (Xffcp{V]’Xfch{V)) as a conjugate pair of additive
closure operators we obtain the following cheracterization of Mg, (V¥ }-solid
varieties ([ 1 ]).
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Theorem 2.5 For oll verieties K of type 7 and for all equational theories
Y of type 7 the following conditions (i)-(w) and the conditions (i')-(iv’) are
equivalent:

(1:) K = HMCP(V)MOdHMcP(V)Id (K) (K 15 an MCP(V)-hyperequational
class),
(i) Xﬁcpw) [K]= K,ie K is Mg, (V)-solid,
(i) Xﬁcp(v;lfﬂf (K)) = Id (K),
(tv) 1d (K} = Hp, (v)1d (K), ond
(1.") x = HMcP(V)Id HMCP(V)MOd(E))
(it’) XﬁcP(V) 2 =2
(i) Xffcp (V) [Mod(3 )] = Mod(32),
w') Mod(}") = Hue, (vyMod(})-
We have already mentioned that the variety Vo, = Mod(Cp{V)) is Mc, (V)-
solid. Therefore V¢, satisfics the equivalent conditions (i},(it),(iit},(iv}.
From the general theory (sec { 11) it follows also that the class of all Mo, (v)-

solid varieties forms a complete lattice which is a complete sublattice of the
lattice of all varieties of type T.

3 P-compatible relations on hypersubstitutions

In enalogy to the rclation ~y we define the following binary relation on the
set Hyp{7) and on submonoids of Hyp(r).

Definition 3.1 Let V be g variety of type 7 and let P be @ partition of the sel
of operation symbols {f:|{f € I} of V. Let Cp{V') be the set of all P-compatibie
identities satisfied in V. Then for any two hypersubstitutions 01,09 € Hyp(7)
we defire

d) ~op(v) 02 14 Vi€ I{oy(f:) ~ o3 f;) € Cp(V)).
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We notice that ~g.(y) is an equivalence relation on Hyp(r) . It can be easily
shown that for all terms & € Wi (X), if o1 ~c, vy o3 then &1[t] = &uft] €
Cp(V).

The relation ~¢.(vy can also be restricted to the monoid Meevy.

Theorem 3.2 The monoid Mc_(v) i5 @ union of full equivelence closses ‘with
respect to the relation ~cq(vy.

Proof. Wc have to show that if 0, € M¢,(v) and if ¢; ~¢,(v) o2 then
o3 € Mc,p(v). Indeed, 01 € Mg, (v) means that for each s = t € Cp(V) the
identity &1[s| ~ &1[t] belongs also to Cp(V). The relation 07 ~gp(vy o in-
plies &4t} = &,[t] € Cp(V) for all £ € W, (X). But then, by transitivity we get
&g[s] = &glt] € CP(V), and this means o; € MC;(V)- O

Theorem 3.2 shows also that, if we want to check whether an identity is an
M .(v)-hyperidentity, we can restrict our checking to one representative from
each equivalence class with respect to ~g,(vy. We can alsb show

Corollary 3.3 The restriction of the relation ~c,.(v) to the submonoid
‘Mopvy 18 o congruence relation on the monoid Mo, vy

Proof. We show that the restricted relation ~gpevy [Mcpevy is a right and

a left congruence on Mg, (vy. Assume that o) ~gp(vy Moy 02 and that
P

¢ € Mg,.¢v). Then for the term o(f) we have &,[F(fi)] = &2[6(fi)] € Cp(V)

and therefore ¢; o) & NCP(V”MCP(V) oq o, &, From o ~CA(V) Mg pury oa it

follows a1(f;) = g2(fi) € Cp(V) and for every ¢ € Mc,(v) also &lo1(fi)] =~

&loz(fi)] € Cp(V),ie a0 a1 ~opvy IMopp, @ o 01 € Cr(V). n]

If we consider the class of the identity hypersubstitution, we notice that it
forms a submonoid of Mg, vy since if 03 ~cp(v) 0id and 03 ~cp(v) 0ia then
we have 01(fi) = gulfi) = flz1,....2n,) € Cp(V) and a2(fi) & oi(fi) =
filz1,. .. &} € Cp(V) and then also (o) 009){fi) = &) [o2(f:}] = 61[ow(fi)) €
Cp(V), ie. (o1 on 32){fi) = &r{o2(fi)] = e1(fi) = oia € Cp(V), that means
J1 Ok 02 ~Cp (V) Tid-

Finally we want to remark that the previous definitions and theorems can
be generalized in the following way: -
Let V be a variety of type T and let T°(7) be the set of all identities of type
r which fulfils & given property. For example the property vould also be that -
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the set of variables occurring on both sides of the identity agree, so that T(7)
is the set of all regular identities of type 7. We will also assume that T'(7) is
an equational theory. We set T(V) := T(7) NId V and if ¥ is an equational
theory we set T'(Z) := T(7) N L.

Then we define a hypersubstitution to be T'(V)-proper if for all s = t € T'(V)
we obtain ols] = o[t] € T(V).

Let Mp(v) be the set of all T(V )-proper hypersubstitutions of type 7. Clearly
My vy 15 a submonoid of Hyp(7) and we get a theorem similar to Theorem 2.6.
The relation ~¢,(v) can be also generalized and we define

o1 ~pv) 02 16 Vi € I((Tl(fi) ~ Uz(f.‘) € T(V))

Using this definition we obtain theorems similar to Theorem 3.2 and to Corol-
lary 3.3.
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