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Abstract

Exposed positive maps in matrix algebras define a dense subset of extremal maps. We provide a class
of indecomposable positive maps in the algebra of 2n x 2n complex matrices with n > 2. It is shown that
these maps are exposed and hence define the strongest tool in entanglement theory to discriminate between
separable and entangled states.

1 Introduction

Entanglement is one of the essential features of quantum physics and is fundamental in modern quantum
technologies [T, 2]. Omne of the central problems in the entanglement theory is the discrimination between
separable and entangled states. There are several tools which can be used for this purpose. The most general
consists in applying the theory of linear positive maps |2, [3]

Recall that a linear map A : B(K) — B(#) is positive if it maps a cone of positive elements in B(K) into
a cone of positive elements in B(H), that is, A(B+(H)) C B+(K) [4]. Consider a quantum state of a system
living in H ® K represented by a density operator p. It is separable if and only if (1® A)p > 0 for all positive
maps A : B(K) — B(H) (1 denotes an identity map in B(#), that is, 1(X) = X). It is therefore clear that the
knowledge of positive maps B(K) — B(#H) allows one to classify states of a composed quantum system living
in H ® K. Unfortunately, in spite of the considerable effort, the structure of positive maps is rather poorly
understood [5]-[13]. For recent papers about positive maps in entanglement theory see e.g. [14]-36].

Let PT denote a convex cone of positive maps B(K)— B(H). There is a natural question: what is the
minimal subset of Pt which allows to discriminate between all separable and entangled states in H ® K?
Usually one looks for so called optimal maps (see next Section). It is well known that optimal maps allow to
detect all entangled states. Could we further reduce this set? It turns out that the answer to this question is
positive. The smallest set of maps needed to detect all entangled states is provided by so called exposed maps.
It is, therefore, clear that the knowledge of these maps is highly desired.

In this paper we consider a class of positive maps ®, : B(C?")— B(C?"). These maps were already
considered in [24]. Tt was shown that they are indecomposable and optimal (indecomposability means that ®,,
can detect entangled states with positive partial transpose). Here we show that for n < 2 these maps are not
only optimal but even exposed. In general, the construction of exposed maps is highly involved and we know
only few examples of such maps (see e.g. [35]-[38]). This way our paper extends the knowledge of exposed
maps.

The paper is structured as follows: in the next section we explain a concept of positive exposed maps.
Section [3] introduces the specific class of maps considered in this paper. In Section F] we provide the proof of
our main result and finally conclude in the last section.
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2 Exposed maps — preliminaries

Recall that a map @ : B(K) — B(H) is optimal if for any completely positive map AP : B(K) — B(H) a map
® — A°P is no longer positive. How to check that a given positive map ® is optimal? One has the following

Theorem 1 ([I4]). Let @ : B(K) — B(H) and let
Py = span{ [2) @ |y) e K@ H = @(jz)(z[)ly) =0} .

If P = K ® H, that is,
dim’Pq> = d}cd;{ y (1)

then @ is optimal.

This property is usually referred as the spanning property [14]. Now, among optimal maps one has a subset
of extremal maps. Note that each positive map ® in P gives rise to the ray [®] := {\® : A > 0}. A positive
map ® : B(K) — B(H) is extremal if for any positive map A : B(K) — B(H) which does not belong to the ray
[®], a map ® — A is no longer positive. In this case one usually calls [®] an extremal ray. Finally, an extremal
ray [®] is exposed if there exists a supporting hyperplane H such that H NPT = [®]. A map ® is exposed if
and only if it generates an exposed ray [®].

Actually, the theory of exposed maps may be presented in a much more sophisticated way using elegant
geometry of convex cones [39, [12].

One may ask a natural question: why exposed maps are important? Due to the Straszewicz theorem one
knows that exposed maps are dense in the set of extremal maps.

Now, a linear map ® : B(K) — B(H) is called irreducible if the following condition holds: if [®(X),Z] =0
for all X € B(K), then Z = Aly. Actually, one may restrict oneself to self-adjoint elements Bg,(KC) only.
Indeed, suppose that @ is irreducible and [®(X), Z] = 0 for all X € Bs,(K). Any element X € B(K) may be
decomposed as X = X7 + iXo, with X7, X5 € Bs.(K). One has

[B(X), 2] = [B(X,), 2] + i[B(X2), Z] = 0,
and irreducibility of ® implies therefore Z = Aly. In analogy to Theorem [I] one proves [38] (see also |8, 40])
Theorem 2. Let ® : B(K) — B(H) be a positive, unital, irreducible map, and let
No =span{a® |h) € B (K)@H : ®(a)lh) =0} .
If the subspace No C B(K) @ H satisfies
D :=dim Ng = (df — 1)dy, , (2)
then ® is exposed.

In analogy to (II) we proposed [38] to call [2)) a strong spanning property.

3 A class of exposed maps

In this section we introduce the class of positive maps that we are going to analyze. The starting point is the
well known reduction map in B(C?) defined by

Ry(X)=LTrX—X, (3)

which is known to be a unital, extremal (and hence optimal) positive decomposable map. Actually, it turns
out that Ry is even exposed [38]. This may be easily generalized to a linear map R, : B(C™) — B(C") as
follows

R,(X)=I,TrX — X , (4)



for X € B(C™). Note, that R,, is a positive decomposable map. However, if n > 2 it is no longer extremal and
hence can not be exposed. Using R,, let us define the following linear map ®,, : B(C?"*) — B(C?*")

> < X1 | X2 ) _1 ( I, TrXso | —X12 — Ru(Xa1) ) 1 ( Yiu | Yio > (5)
"\ Xop | Xao n \ —Xo1 — Rn(X12) | I, TrXq ‘n\ Yo | Yoo /)’

Note that using C?" = C" @ C", the blocks X, Yk can be perceived as elements of B(C"). One has
D, (I3,) = Iy, and it was proved [24] that ®,, defines a positive map.
The main result of this paper consists in the following

Theorem 3. &, is exposed for all n.

To prove the above theorem we shall use Theorem 2] that is, we prove that ®,, satisfies the following two
propositions:

Proposition 1. &, s irreducible.
Proposition 2. The corresponding linear subspace No, spanned by vectors
T®$®y662n®62n®62n :

such that
Oy (|} (z[)ly) =0,
satisfies dimNg, = 2n(4n? —1).

Corollary 1. Note that ®o reproduces the well known Robertson map [9]. It was already proved by Robertson
that @9 is extremal. Our result shows that being extremal, it is exposed as well.

Corollary 2. The following family of maps

UV(X) :=V*®,(UXUNV , (6)
is unital and exposed for any unitaries U,V : C2" — C*" .
Corollary 3. If we relax unitality, then

oA (X) = A*®,(BXB*)A , (7)

is exposed for any A, B € GL(2n) .

4 Proof of the main result

4.1 Proof of Proposition [
We look for Z € B(C?") such that [®,,(X), Z] = 0 for all X € B(C?"). Let us denote Y := n®,,(X). Condition

Yio Yio | | Zu Zie | _ | Zun Zi2 | | Y Y2
Yo Yoo Zor Lo Zor Zoo Yo Yoo

implies
Y0201 = Z12Yo1
Yo1Z12 = Zo1Y12

Yo1Z11 + Yoo 2oy = Zo1Y11 + Z22Yo (
Yi1Z12 + Y12 299 = Z11Y12 + Z12Y522 . (1
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Let X be block-diagonal, that is, X2 = X9; = 0. Note that &, maps block-diagonal matrices into block-
diagonal matrices and hence equations (§), (@) are trivially satisfied (Y12 = Y21 = 0) and equations (I0) and

(@) imply
Zo1Tr X1 = Z21Tr X9
ZlgTI'Xll = ZlgTI'XQQ .

Now, due to the fact that TrX;; and TrXss are arbitrary, one has Zij2 = Zs; = 0, and hence equations (I0)
and () reduce to

Yo1Z11 = Z22Yor
Yi2Z11 = Z22Y12 .

Taking X152 = Xo; = 1,,, one gets Y15 = Y51 = —nl,, and hence Z1; = Zys =: Zy. Finally, one obtains the
following condition for the diagonal block Zy:

[X12 — X21,20] =0,
and since X715 and X are arbitrary, it implies Zy = cl,, and hence Z = cly,, which ends the proof of
irreducibility of ®,,. O
4.2 Proof of Proposition

Before we prove Proposition 2l we need few additional results. Let ¥ =", ik Viire;®ej®e, € C"@CPeC™.

We define the following subspaces in (C")®3: let Si23 be a totally symmetric subspace, i.e. ¥ € Syog iff
Uik = Yr(iyn(j)n(k) for an arbitrary permutation w. Moreover, let us introduce

S 523 if ‘I]ijk = lI/ikj R
Ve Ay if Wik = —Wikj ,
VeTy if Y Uy=0,
Ve I3 if lI/ijk = )\jéik .

One easily finds for the corresponding dimensions

2 1 2(n—1
dim So3 = % . dim Agy = % , (12)
and
dimTy3 =n(n*—1), dimlj3=n. (13)

Lemma 1. Any element of (C")®3 can be decomposed as a sum of an element from S123 and an element from
T13 .

Proof. Let ¥ be an arbitrary element of (C")®3. We define A, B € (C")®3
A= ZAijkei@)ej@ek , B= ZBijkei@)ej@ek )
ik ik
as follows:

e T Wi ==k
k=13 0 otherwise



and

B ik = Vi i i=j =k
ik = Wik otherwise

ClearlyA+B: v, A€ Sio3 and B € Ti3. O
We stress, that this decomposition is not unique. Actually, since S123 C So3 one has A € So3 and hence

(Cn)®3 = (523 + T13) . (14)

In what follows we use the following notation: by W 4 V we denote the a set of vectors w + v, where w € W
and v € V. Note, that it differs from the direct sum W @& V| where the decomposition w + v is unique.

Proof of Proposition[2] Now, we are ready to prove Proposition2 Let P = |z)({x| with arbitrary z € C*".
Now, due to C?" = C" @ C", one has = ¢, @ ¢, and hence P displays the following block structure

X11 | Xi2
P = ,
< Xoy | Xo2 )

1 || 2?1, | —lp1){p2] + l@2) (1] — (@1lp2) In
(P =3 ( Y FR T AT [T, ) - (1Y

We are looking for vectors y = 1)1 @ 92, such that (y|®, (|z)z|)|y) = 0. Observe, that

_ |02 —(p1]p2)
0, (|z)e]) = ( el —teale ) oI, (16)

( 0Oy, | —l1) (@2l + |2} (01 >
—[w2) (1] + [1) (2] | On ’
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where O,, denotes the n x n matrix with all elements equal to zero. Now, the first term is strictly positive iff
the vectors 1 and o are not parallel. The second term acts only in subspace span{¢s, p2}. It is therefore
clear that to have (y|®(|z)(z|)|y) = 0 for some y = 1 S P2 at least one of the following conditions has to be
satisfied:

1. ¢1 and @y are parallel,

2. 1/)15 1/}2 S span{gpl, 902} .

We shall consider two cases: i) @1 || @2, and ii) ¢1 L ¢o. Of course in general ¢ and o are neither parallel
nor perpendicular. However, it turns out that it is sufficient to analyze only these two cases. Let us introduce
the following notation:

. W, i
spanfa” wawy: o(a)ehl) =0} = { [ fele a7

We shall characterize W and V by providing the basis for W+ and V*. It is clear that to prove the proposition
it is sufficient to show that
dim (W +V) > 8n® — 2n . (18)



The subspace W Let us assume ¢; || 2, that is, o1 = ap, p2 = S¢ where «, € C and we assume that
¢ € C" satisfies [|¢|| = 1. For later convenience let us denote o = [, 8]*, 2 = 0 ® . One obtains

0@ (|z)a]) = [ 8% B } o1, (19)

—ﬁ*a |a|2

0 —f*a+ Ba*
B

= H[ﬂ,—a]tﬂn + (H[ﬂ*,—a*]t — H[,(i’,—a]t)Hap
= H[,(i’,—a]" (24 Hi; =+ H[ﬂ*,_a*]t ® H¢

We are looking for elements of the kernel of this operator. Let us change the basis {e,} in the second factor of
the tensor product such that ¢ = e;. Then an arbitrary vector y can be decomposed as 71 @ ¢+ > 1 _, Vo Q€q
and the matrix (I9) is block-diagonal with 2-dimensional blocks ITjg- _a+¢, 15 _qa)t, - - ., [, —apt. The vector
y is in kernel iff the vectors v, are in kernels of corresponding blocks. The kernel of ®,(Jo ® ¢)o ® ¢|) is
therefore spanned by vectors of the following form

Yy=0¢ (20)
=5 @@t . (21)

We are looking for the dimension of subspace W in (C2")®3 spanned by the vectors T ® # ® y such that
D, (|x)(x|)]y) = 0. Then W = Wy + Ws, where

Wi =span{c P R0 Q@ pRo® e},
and
Wy = span{E@@@a@@@E@g&L} ,
where ' is an arbitrary vector in C" orthogonal to ¢.
Lemma 2. The following statements holds:
1. dim Wi = 3n%*(n+1)
2. dim Wy = 6n(n? — 1)
3. dimW = Tn3 +n? — 2n

4. the subspace W+ is spanned by n*(n — 1) elements:

Uik = |e; ® 0le; B 00 B ex) — |e; & Oler, S 0[]0 B e;) (22)
— 0@ e;le; B O0lex ® 0) + |0 @ eiler, @ O0le; @ 0) , (23)
and
vijk = 0D e;|0 @ ejler ®0) — 0D e;|0 D egle; ©O) (24)
—|e; ®0j0 @ e;|0 @ ex) + |e; ©0[0 D ex|0 D ey , (25)

where 1 < j <k <nand1l <i<n, and additional 2n elements:
ri=> (le; ®0[0 @ eile; ®0) — [e; @ Ole; B 0[0 @ e))
j=1
si=) (10@ele; @0[0@ ;) — 0@ €;]0 @ esle; @ 0))

j=1

where 1 < i <n.



Proof. Tt will be convenient to rearrange the factors of the tensor product as (C?")®3 = (C?)®3 @ (C")®3
Now we introduce the basis {fx} and the dual basis {f;} in (C?)®3:

f1 = |000) , fi =1000) ,
= |111> = |111>
o= 7§(|001> +]100) + [010)) i = 7(|001> +]100) + 010))
1= \/ig(|11o> +|011) + [101)) £r= 7(|110> +011) + [101))
fs = \/Lg(|010> +1001) — 2[100)) , fs = 7(|001> 1100)) ,
fo = \/LE(HOU + [110) —2(011)) , fs = 7(|110> |011)) ,
fr= \if(|oo1> 4 [100) - 2[010)) , = 7(|o1o> 1001))
fs = 76(|110>+|011>_2|101>) , I3 :E(|101>_|110>)

As usual the duality of { fr} and {f;'} is defined by the following relation (f;|f;) = 0 for k # I. Let us introduce
the following subspaces in C? ® C? @ C2:

o Vo =V5 =span{fi,..., f1}
e Vi =span{fs, fo}, V" = span{f3, f'}
o Vo =span{f7, fs}, V5" = span{ f7, f§'}

Observe, that Vj is totally symmetric under the permutations of all three factors in C2@C?®C2. The subspace
Vo @ V4 is invariant under the permutation of 2nd and 3rd factors and the subspace Vy @ V5 is invariant under
the permutation of the 1st and 3rd factors in C? ® C? @ C2.

The subspace W is generated by elements (G ® 0 ® 0) ® (P @ ¢ ® ¢) and hence

Wi=Vo® V1) ® Sas . (26)

The subspace W is generated by elements (7 ® 0 ®7) @ (P ® ¢ @ p). It is again a tensor product of two
subspaces. The elements (¢ ® o ® &) generate the subspace Vy @ V. The subspace in (C™)®3 generated by
elements 3 ® ¢ ® o reproduces Ti3. Indeed, the matrix corresponding to @ ® ¢ is traceless. Hence

W= (Vo V2)®@T13 . (27)

Using equations (I2)) and (@3] one gets dim Wy = 3n2(n + 1) and dim Wy = 6n(n? — 1).
Now, using the decompositions (26), [27) and the linear dependence of the subspaces V, V1, V5 one finds
that W = Wy + Ws is equal to

V1 ® Sa3 ® Vo @ (Sa3 + Ths) @ Vo @ Ty =
Vi®Su®Vh® (CY® eV T, (28)

where we have used (I4). The dimension of W is then equal to

n%(n+1)
2

2. +4-n*4+2-nn?—1) =" +n*—2n,

which proves the third point of the lemma.



Let us observe, that any vector orthogonal to Vi ® Sa3 @ Vo ® (C™)®3 @ Vo @ T3 has to belong to the
subspace Vi- @ (C")®3. Now, since V- can be decomposed as Vi* @ V5, any vector in Vi~ ® (C*)®? can be
decomposed into two parts: z € V¥ ® (C")®? and y € V5 @ (C")®3. The vector x € W iff z € Vj* ® Aas.
The vector y € W iff y € Vy' ® Ios.

Let {e, ®ej @er —e; ®ep Qej 0 j <k} be the basis of Azz. The basis of V}* ® Aag contains two families
of vectors:

ik = fr @ (e; ®e; Qe —e; Qe ®ej)
= (|001) — |100)) ® (e; ® e; Ve —e; Ve Dey)

and

Vijk = fe @(eiRej @ep —e; ®ex ® ey)
= (]110) — |011)) ® (e; ® e; Ve — €; D e D €;)

Rearranging the factors of the tensor product, one finds:

uijr =(0®e;) ®(0®e;) ® (1@ ex)
—(0®e)®(0®er) ®(1®ey)
—(loe)®(0®e;) @ (0®ek)
+(1®e)®(0®@e;) ®(0®e;)

=:|e; ® 0le; ® 0|0 D ex) — |e; @ Oley, ® 0[]0 B e;)
— 0@ eile; ®0lex ©0) + |0 P e;ler ©0le; 0)

and similarly

vijk = 0D e;[0 D ejler ®0) — 0D e;|0 D exle; ©0)
—|e; ® 0|0 e;j|0 D ex) + |e; ® 00D ex|0Dey) .

Similarly, let {Z] ej ®e; ®ej} be the basis of Io3. The basis of Vo ® I3 contains two families of vectors:

:f;‘@Zej@ei@ej = (|010>—|001>)®Z€j®€i®€j ,

J J
SZ:f§‘®Zej®ei®ej = (|101)—|110>)®Zej®ei®ej .
J J

Rearranging the factors of the tensor product, one gets:

ry = Z[(o@gej)@a@ei)@(omj)— 0®e) @00 e)®(10e))
- iqej @00 eile; ©0) — |e; @ Ole; ®O[0 D ey))

5 = i[(l@ej)@)(o@ei)@(l@ej)_ (1@e)@1®e) @ (0@e;)
= iqo S ejle; @00 @ e;) — [0 e;|0 @ eile; ©0)) ,

which ends the proof of the lemma. O



The subspace V' Now, let us assume ¢1 L ¢5. To simplify notation let z := o1 and y := @9, with (z|y) = 0.
One easily finds
[ly[[*Ln | —lz)(y| + ly) (x|
n®, = )
D = |3l T Tl T ol

with ¢ = @ y. Now, we look for z @ 2’ € C?" such that ®,,(|¢){p|)|z ® 2’) = 0. It is clear that a necessary
condition for z @ 2’ to belong to the kernel of @, (|¢){¢|) is that z, 2’ € span{z,y}. One has therefore

(29)

2 =21 + 220 ,
with z1, 2z € C. We calculate z’ using the lower row of blocks in (29]). The formula for z’ reads

”:‘ﬁ#%mwm+mwm@=m#@mm%—@mwm-

It finally leads to the following formula (up to an irrelevant complex factor)
2@ 2 = [allo]Pe + 2lle| Py, zllzlPy — z2|lyl*2] -
Now, we look for a subspace V in C*" ® C?" ® C?" spanned by vectors of the following form:
U= [2,y]" @ [2,y] @ [ |2]Px + 2oflel*y, 2 llz]Py — 2llyl*] - (30)

Let {e,(cl)} and {e,(f)} denote two orthonormal bases in C". Then e,(cl) @ 61(2) defines an orthonormal basis in

C?" = C" @ C™ and hence any vector ¥ € C?" ® C?” @ C?" may be represented as follows:

n 2
_ (aBy) («) B) (v)
v= 3% > VeV ed ol . (31)
i,7,k=1 a,B,y=1

One easily finds that coordinates of ¥ defined in ([B0]) are given by the following polynomial functions:

Ui = ala|Payzsan + zllelPal g
Wi = aallal oty + ol Py
i = allalPyleson + zllzl Pyl
3D = alalPyiym + zllel v v o
WP = allal etz — 2ollylPazjon
1115;22) = z1||z]Pzfyyn — 22|yl 2}y
U = el Pyl v — ollylPuieo
U = 2alal Pytysu — 2yl Py v

To compute the dimension of V' one has to check how many of these polynomials are linearly independent. Let
us analyze linear combinations of the above 8 families of polynomials. Observe, that any polynomial being a
combination of functions from one row in family ([B2]) is of the form 21 f(x,y) + 229(z, y), where all monomials
in f(x,y) have the same signatures, and all monomials in g(z,y) as well. The signatures of monomials [l of f’s

1The signature of a monomial is a tuple of exponents of variables, for example I?I;Bygy;‘” has the signature (a, 3, p, V)



ang ¢’s for functions from (B2) are listed in the table below :

r x* oy y* r oty y*
vV l2 3 0 0 2 2 10
\11“21) 2 2 10 1 2 20
\1:<2“) 31 0 1 2 1 1 1
111(221) 21 1 1 11 21
\1:5.;,12) 2 2 1 0 2 1 1 1
vl o2 2 0 11 21
\1:<212) 2 1 1 1 2. 0 1 2
\1155,32) 11 21 10 2 2

We can see, that there are two pairs of rows ((2,5) and (4, 7)) which have the same signatures of their f’s, but
then ¢’s of rows (2, 7) are different. Similarly, two pairs of rows ((3,5) and (4, 6)) have the same signatures of
their ¢’s, but f’s of rows (3, 6) are different. We observe, that to get a vanishing combination, one has to take
combinations of functions from a row with vanishing f or g parts.

To get a vanishing part f or g of a row one has to have linear dependencies among its monomials. In this
family it is possible iff the set of monomials is symmetric under a permutation of indices. Observe, that in the
rows (1,3,6,8) the monomials in f have this feature, and in the rows (2,4,5,7) this applies to the monomials
in g. To kill the part f or g of a row one has to take monomials related by permutation of indices with opposite
coeficients, so to consider combinations of functions of the form:

Xg;lkﬂ’r) — \I,E]qkﬁ'v) _ \I,Ea]ﬁ'v) ’ (33)
for j # k. One finds
111
Xigi ) = zallal P2 (@0 — oiy;)
121
X = zllal P2 (gian = yea)
211
X = 2l 2yl (e — ways)
221
XD = z ||l Py (g — ;)
112
XE]I@ )= ||~’C||2 xjye — TryYj)
122
XD = zallyl P (i — e
212
X = =1llal Py @iy — aws)
(222)
ijk - Z2||y|| Y; (ijk - ykx])
Monomials X( h7) containing zo are linearly independent. However, one has
(121 _ _ (112) (221) _ __(212)
ijk Xz]k ) Xz] Xijk ' (34)

It gives therefore 2 - n - "(”271) relations between ys. They correspond to scalar products of a vector from V'

with the following vectors

aiji = eV @ [ M ge® Mgt @eed e eﬂ ,

b =@ @ [l 9 e — eV @ e + P 0 el — e @ elV] .

10



There is no other way to get a vanishing linear combination. Recall, however, that * L y and hence any

polynomial containing >, x
One finds

and

ziy; or Y, yiw; will vanish as well. Let us compute >, ; ;¥

Z 5
Z b
Z 53
Z b
Z iy
Z 5
Z 51 5”
Z 0 U2

a1l |*ar + zollzlfyn

0,

0,

allz| Pyl + zoll2l[lylPys |

a1l *ye — 22llylllelP2x

0,

0,

21l [yl Py — zollyll*zx

111
Z 5”“\111(% )
121
Z 0; k\Pz(Jk )
211
Z 5”“\111(316 :
221
Z 5”“\111(316 :
25 g(112)
ik ijk
122)
Z 6lk\pgﬂc
212)
Z 6lk\pgﬂc

222)
Z 6lk\pgﬂc

zllz|*a;

z1llzl*y;

2|l [yl *x; |
2|2l Pl1yly; |
—za| [yl *z; |
—za|lyl?[l=y; |
a1l Pyl

a1l PllylPy; -

;,f” and 3., 51k\111(§‘,57).

(35)
(36)
(37)
(38)
(30)
(10)
(41)

(42)

(13)
(44)
(15)
(46)
(47)
(18)
(19)

(50)

Note, that four zeros in formulae B8), (7), @) and {I]) correspond to multiplying a vector from V by the

11



following four vectors

cg) = Z€§-1) ® 6;2) ® e,(cl) , (51)
c§€2) = i 6;2) ® 6;1) ® e,(cl) , (52)
CS’) = i egl) ® 65—2) ® e,(f) , (53)
c§€4) = i 6;2) ® eg-l) ® e,(f) . (54)

J

Now, monomials in {#3) and @) are (up to the sign) the same and hence linearly dependent. Their sum
produces additional zero. The same applies [#6]) and [@S8). These two zeros correspond to multiplying a vector
from V by the following two vectors

d](cl) _ 2(652) ® el(cl) ® 65»1) + egl) ® el(cl) ® 652)> ,
J

d,(f) = 2(652) ® 61(62) ® egl) + egl) ® 61(62) ® 652)> )
J

Finally, let us observe that polynomials in (38]) and ([B9) may be obtained by linear combinations of monomials
from ([@3)-E0). Additional two relations correspond to multiplying a vector from V by the following two
vectors

dS’) = 2(6;2) ® 6;-2) ® eg) — 6;-2) ® eg) ® e§-2) + 6;-1) ® 6562) & 6;-2)) ,
J
dgf) = Z(e;l) ® 6;-1) ® 6562) — 6;-1) ® 6562) ® e§-1) + 6;-2) ® eg) & 6;-1)) .

J
Note, however, that d®) and d* are not linearly independent. One has

3 2 4
£ = - S
J

4 1 1
a9 =)~ - o
J

The remaining polynomials are linearly independent. We obtained n® — n? + 6n relations among \Ilz(;}f " in
terms of vectors from V+ and showed that V' is spanned by
1 4 1 2
ik, bijka c](c )a v ac](c )a d](c )a dgc ) )
that is, that there are no more linearly independent vectors in V.
Let us prove that they are linearly independent. It is clear that vectors {cl(l), R cl(4)} are linearly inde-

pendent being constructed in terms of vectors from mutually disjoint subsets of the basis ega) ® el® ® e?).
Similarly, vectors {a;;r} are linearly independent, and the same applies to vectors {b;;x} and the family

{dl(l), dl@)}. Consider now a linear combination

T = Zﬂz(a)cz(a) + Z ik Qijk + Z Bijk biji + Z z/l(a)dl(a) ) (55)
a,l a,l

.5,k .5,k

12



Observe, that
T="1+7T,, (56)

with

Tl = ( (1) (1 l(2)cl(2) (1 d(l ) Z gk Qijk (57)

.5,k

Z
Y, = Z( (3) (3 1(4)61(4) d(2 ) Zﬁuk bin - (58)
l

.5,k

Because vectors in combinations Y1, Y9 are defined by vectors from disjoint subsets of basis of CIneCeC?,
T=0iff T1 =Ty =0. We will prove now, that vanishing of T; implies vanishing of all coefficients in 7]

e Note, that if uk 75 0 there are non-zero coeflicients of basis vectors of type e( )@ e§-1) ® eg), k # j which
are not present in any other vector of the combination. We conclude, that all 13 are zero.

1) . (2

e Further assume v, ’ is non-zero. This will cause in a non-zero coefficient of the basis vector €;

2@,

k # j which is not present in any other vector of the combination. All v(!) are also zero.

e For similar reasons (vectors el(.l) ® e§1) ® e,(f)) we have that all a’s are zero.

e We are left with combination of vectors ¢(!), which are linearly independent (subsets of basis vectors of
C?" ® C?" ® C*" which define different ¢’s are mutually disjoint).

In the same way we prove that Yo = 0 iff all x®), ), 13 B’s are zero.
End of the proof of Proposition To complete the proof let us recall that we have constructed two

subspaces in C?" ® C?* ® C?": W and V with dimensions 7n? + n? — 2n and 7n® + n? — 6n, respectively. It
is sufficient to show that

dim(W + V)t < 2n . (59)
Note, that (W +V)+ =W+ nV+ and
dim(W + V)* = dim W +dimV* — dim(W* +v*) . (60)
One has
dimW* =n® —n?+2n, dimV*:=n®—n®+6n, (61)

and hence to show (BY) it is equivalent to prove that
dim(W+ 4+ V5 >2(n* —n?) +6n . (62)

Note, that it is enough to check that n3 — n? vectors w;jx, vijx € W (see (22) and ([24)) together with the
n® — n? + 6n basis vectors of V+ are linearly independent. _

We proceed in the same way as in the case of T. We want to prove that a combination T built from T and
a combination of u’s and v’s is zero iff all its coefficients are zero. Again we observe that it suffices to prove it

for a combination of Y7 and u’s (Tl) and of Yo and v’s (:fg) Consider the case of
1 ig.k

Having in mind the definitions of ¢’s, d’s a’s and u’s we make the following observations:

2Tt is enough to compare the number of (1) and (2) superscripts denoting which summand of direct sum we take in each tensor
factor.
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e If there is a non-zero coefficient of c,(cl), we have a basis vector egl) & 652) ® e,(cl) for some j < k[ in

the combination. The only chance to kill this coefficient is to use the vector ay;r, but it introduces a
non-zero coefficient of basis vector eg) ® e,(f) ® eg-l), which in turn is not present in any other vector of

T,. We conclude, that there are no ¢ in Y.

e Now, having all x(1)’s zeroed, we observe that a basis vector of type e(!) @ e(®) @ e(1) appears only once
in an appropriate a, so all a’s have to be zero.

e If there is no zero coefficient of dg), there appear in th combination a basis vector egl) & eg) ® 65»2) for

some j < k M. The only chance to zero its coefficient is use of vector uy;, (because we already know

El) ® e](cl) ® e;2)

turn is not present in any other vector of the combination. Thus there are no d)’s in the combination.

that all a’s are zero), but it will introduce a non-zero coefficient of basis vector e , which in

e Now we observe, that a basis vector of type eV @ e!) @ ¢ appears only once in an appropriate u, so
all p’s have to be zero.

2)

e We are left with a combination of ¢(2)’s, which are already linearly independent.

The proof for Ts is analogous. O

5 Conclusions

We provided a class of positive maps ®,, : B(C?*") — B(C?") and showed that they are exposed. The map
®5 turns out to reproduce well known Robertson map which is extreme. Our result shows that ®- being
extremal is exposed as well. This analysis enlarges the list of known positive indecomposable maps which are
exposed. It is clear that the above results may be easily translated into the language of entanglement witnesses
W, == (1® ®,)P; , where Py denotes maximally entangled state ﬁ >, lid) in C*" @ C2".
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