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A X I O M A T I S A T I O N S O F 

M a r e k NasteniewskL M I N I M A L M O D A L L O G I C S 

Andrzei Pletruszczak D E F I N I N G 

J A S K O W S K I - L I K E 

D I S C U S S I V E L O G I C S 

Abstract Jaskowski's discussive Logic D2 was formulated with the help of the modal 

logic S5 as follows: A e D2 Iff r O / \ * n e S5, where ( — ) ' is a translation of discussive 

formulae into the modal language. Thus, the key role in the definit ion of the logic D2 

is played by the logic S5. In the l i terature there are considered other modal logics 

that are also defining the same logic D2. 

There are also investigated translations that are determining other Jaskowski-l ike 

logics. In [3, 5], instead of the or ig inal translation w i th "r ighf-discussive conjunction, 

another translation is considered, where "left"-discussive conjunction is treated as Jas-

kowski's one. In [2], it has been shown that this new transformation yields a logic 

different from D2. Ciuciura denotes the obtained logic by 'D^'. There are two other 

possibil i t ies as regards the internal translation of discussive conjunctions. 

The question arises (which has been stated by Joao Marcos), what does it change 

if we consider the weakest in a given class modal logics that determine these "new" 

discussive logics. In [11] the smallest modal logics defining respective Jaskowski-l ike 

discussive logics are considered. In the present paper we give more elegant axlomati-

sations of these logics. 

Keywords: Jaskowski's discussive logic, Jaskowski- l ike discussive logics, axiomatisa-

tions of Jaskowski-l ike discussive logics, minimal modal logics defining Jaskowski logic, 

minimal modal logics defining Jaskowski-l ike discussive logics 

149 



AxiOMATISATIONS OF MINIMAL MODAL LOGICS.. 

1 BASIC NOTIONS AND FACTS 

1.1 Some facts of modal logic 

MODAL LANGUAGE. M o d a l formulae are formed in the standard way 
from propos i t iona l Letters: 'p', 'q, 'po', ' p i ' , 'pi,...; t ru th-va lue operators: 

V , 'A', ' — a n d W (connectives of negat ion, d is junct ion, conjunc­
t ion, mater ia l imp l ica t ion and mater ia l equivalence, respect ively) ; modal 
operators: the necessity s ign ' • ' and the poss ib i l i ty s ign 'O ' ; and brack­
ets. By F o r m we denote the set of modal formulae. Of course, the set 
F o r m inc ludes the set of a l l c lassical formulae (wi thout ' • ' and 'O ' ) ; 
let Taut be the set of a l l c lassical tauto log ies and P L — the set of 
a l l modal formulae being instances of elements of Taut. Besides, for 
any <p,p,x £ F o r m , let xl^/ip] }°e A N I J formula that results from / by 
rep lac ing none, one, or more occurrences of cp, in by p. 

For any p s F o r m let Sub(p) be the set of a l l modal formulae 
be ing subst i tu t ion instances of p. For any 0 C F o r m let Sub(<£) : = 
U « p G 0 Sub(c/)). We have p G Sub(p) and 0 C S u b ( 0 ) . Moreover, 
we put O0 := {p : p — r O c / > n } = {rOqP : cp E 0} and 
• 0 : = { r D ^ n : cp E 0}. 

MODAL LOGICS. A moda l log ic is any set L of modal formulae sa t is ­
fy ing fo l l ow ing condi t ions: 

• Taut C L, 

• L inc ludes the fo l low ing set of formulae 

• L Is closed under the fo l low ing two rules: modus ponens for ' 

{ r / [ • - i • - i <p 
/o<p] : 0-X G F o r m } (rep°) 

cp, ip - > p I p (mp) 

and un i fo rm subs t i t u t i on : 

(p I S(p (sb) 
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where scp is the result of uniform subst i tu t ion of formulae for p repo­
s i t iona l let ters in cp. 

CHOSEN CLASSES OF LOGICS. We say that a moda l logic L is an 

r t e - l o g i c iff L is closed under replacement of tau to log ica l equivalents, 

i.e., for any <p,ip>X e F o r m : 

If rcp <-> (/T1 e P L and x E L then x l 9 / 4>) e L (rte) 

A modal logic is r te - log ic Iff It Includes the fo l low ing set 

{ rxl<p/ip] +*X^'-<P> 4><X £ Form and rcp <-» ^ e P L } . ( r e p P L ) 

LEMMA 1.1. A modal logic contains the formula: 

Up^p (T) 

Iff it contains its dua l vers ion: 

p -> op i n 
LEMMA 1.2. An r te - log ic contains the fo l l ow ing formulae: 

D(p A q) ^ {Dp AOq) (R) 

OOp -> p (B) 

oaP - > D p (5) 

iff it contains, respect ively, the i rs dua l versions: 

0(p V g ) f ^ (Op V Oq) (FT) 

p - * nop (B°) 

Op -> nop (5°) 

In [1] a modal logic is ca l led c lass ica l m o d a l (cm- log ic for short) Iff 
it is an r te- log ic wh ich contains 

• (p -> q) - > ( D p - > D t / ) (/C) 

• ( p - p ) (N) 
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Thus, a l l cm- log ics Include the set D P L : = {DT : T G P L } . 

We say that a logic Is cong ruen t i a l Iff it Is closed under the cong ru ­

ence rule 

cp <-» tp / Dcp <-> Dip (cgr) 

A logic Is congruent ia l Iff It is closed under replacement 

cp^ ip I x^/ip] *->X (rep) 

Every congruent ia l logic Is an r te - log ic . 

We say that a logic L is monoton ic iff L is closed under the mono-
ton lc l ty rule: 

cp —» ip I Dip —» Dip (mon) 

Every monotonic logic Is closed under (rep), i.e. is congruent ia l . 

We say that a logic is regu la r iff it conta ins (K) and is closed under 

(mon). 

A logic is no rma l iff it contains (K) and Is closed under the necessi -

ta t lon rule 

cp / Dcp (nec) 

A l t normal logics are regular and cm- loglcs. 

For a l l sets X and A of modal formulae and any set of ru les 1Z in 

F o r m we say that the pair (A,IV) is an ax iomat i za t i on of X iff X is 

the smal lest set inc lud ing A and closed under a l l rules from 1Z. 

1.2 The discussive logic D2 and other Jaskowski-like logics 

DISCUSSIVE LANGUAGE. The Logic D2 is def ined as a set of d iscus­

sive formulae of a cer ta in k ind. These formulae are formed in the s tan ­

dard way from propos i t iona l let ters: 'p, 'q', 'po', 'pi', 'pi,...; t ru th -va lue 

operators: ' - i ' and V (negat ion and d is junct ion) ; discussive connectives: 

'A d ' , '—>d', ' ^ d ' (conjunct ion, imp l ica t ion and equivalence); and brackets. 

Let Fo r d be the set of a l l these formulae. 
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d e f i n i t i o n of discussive logic D 2 . The logic D2 was fo rmu­
lated w i t h the help of the modal logic S 5 as fo l lows (see [7, 8]): 

D 2 : = {A G Fo r d : rOA*^ G S 5 } , 

where (—) • Is a t rans la t ion of discussive formulae into modal language, 
i.e., i t is a funct ion ( — ) • from Fo r d into F o r m such that: 

1. (a)* = a, for any propos i t iona l let ter a, 

2. for any A, BE Fo r d : 
(a) ( - , / \ )» = r - , ^ - i | 

(b) (AV B)9 = rA* \/ B^, 

(c) (A A d BY = rA* A O B * " 1 , 

(d) {A ->D BY = rOA* -> B'n, 

(e) (A ^ d BY = r{OA' - » BM) A 0(OB* - * A')n. 

Of course, D 2 is closed under (sb) w i th respect to For d . Moreover, 
D 2 is closed under modus ponens for '—> d ': 

A, A - * d B I B (mp d ) 

because S 5 is closed under the fo l low ing rule: 

Ocp, 0(0<p - > <//) / Oip (RC) 

d e f i n i t i o n s of j a s k o w s k i - l i k e locics . In [3, 5] a logic D\ was 
formulated w i t h the help of the modal logic S 5 as fo l lows: 

:= [A G Fo r d : r O / T n G S 5 } , 

where (—)* is a funct ion from Fo r d into F o r m such that for any A, B G 
F o r d : 

(c)* (A A d BY = rOA* A B * n , 

(e)* {A ^ d BY = rO(OA* - > B*) A (OB* -> A*y, 

and other cases stay as in the def in i t ion of the funct ion ( — ) \ 
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Add i t i ona l l y a Logic D 2 was def ined as fo l lows: 

D2 := { A E Fo r d : r O / T n E S 5 } , 

where ( — ) ^ is a funct ion from F o r d into F o r m such that for any A, B E 
Fo r d : 

( C p (/\ A d £ ) ~ = r / T A 

( e p (>A ^ d 8 ) ^ = r ( O Z T -> £ ~ ) A ( O B ^ -> / P ) " 1 . 

and, as previously, other cases stay the same. (Not ice that in the t rans ­

la t ion for conjunct ion ' O ' is not used.) 

And f ina l l y , a logic D j f was formulated also w i t h the help of the 

modal logic S 5 as fo l lows: 

D*{ : = {A 6 Fo r d : r O , 4 x n E S 5 } , 

where ( — ) x is a funct ion from F o r d into F o r m such that for any A, B E 

Fo r d : 

( c ) x {A A d B)X = ROAX A O e x _ 1 , 

(e)x (A <-»d £ ) x = r O ( 0 / \ x - > 8 X ) A 0 ( 0 8 x - » / \ x ) ~ \ 

and again, other cases stay unchanged. 

Thus, a l l these logics have dif ferent condi t ions for conjunct ion. Not ice 

that for each t rans la t ion — ca l l i t 'any', for a l l A, B E Fo r d : (A *->D 

£ ) a n y = ((A ->D B) A d (B ->D A))AN^. Of course, these logics are also 

closed under (sb) and (mp d ) . 

In [2] Ciuc iura observed that D\ D2 It was shown that one of the 

axioms of the logic DJ; is not a thesis of the logic D2. We also have: 

FACT 1.3 ([11]). Every two logics among D2, 0%, D ^ , and DJ* cross 

each other. 

2 MODAL LOGICS DEFINING D2, D\, AND DJj* 

There is a procedure (see [9]) that for a given class of logics fu l f i l l i ng 

some natura l condi t ions, returns, in the considered class, the m in ima l 
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Logic wh ich has the same theses beg inn ing w i t h ' O ' as S5 . The same 

can be repeated for DJ , D T , and DJ* . 

We say that a modai Logic L def ines D2 (resp. D J , D T , Of) iff 

• D 2 = {A G Fo r d : rOA*~] G /-} (resp. 

• D* = {A G Fo r d : rOA*n G L], 

• D T = { / \ G For d : • " O / T " 1 G L] 

• - { / \ e Fo r d : rOAx~] G 1 } ) . 

There are know/n other modal Logics def in ing D2. The same holds for 

the other three discussive logics. 

We see that wh i l e expressing the logic D2 we refer to modal logics 

wh ich 

have the same theses beg inn ing w i t h ' O ' as S5 . (f) 

Let S 5 0 be the set of a l l these logics, that is, 

L G S5<> iff V v € F o r m ( r O < p " 1 G L 4 = ^ r O ^ G S5) . 

By the def in i t ion we see: 

FACT 2.1. For any L G S5<>: 

1. { r O < p n : r O < p n c S 5 } C [ , 

2. If £ G S 5 0 , then L def ines D 2 , D^, D T and D**. 

Reca l l that r t e S 5 M , c m S 5 M e S 5 M , m S 5 M , r S 5 M and S 5 M are r e ­

spect ively, the smal lest r t e - cm-, congruent la l , monotonlc, regular and 

normal logic in S5<>. Thus, by Fact 2.1 each of them defines logics D^, 

D T and DJ* . 

Let ( — ) a n y be any t rans la t ion of discussive formulae Into modal l a n ­

guage, I.e., ( — ) a n y Is a funct ion from For d into F o r m , and let 

D* I U J :={AE Fo r d : r O A ^ n G S 5 } , 

COROLLARY 2.2 ([11]). The logics r t e S 5 M c m S 5 M , e S 5 M , m S 5 M , r S 5 M , 

and S 5 M are the smal lest r te- , c m - congruent la l , monotonlc, regular, 

and normal logic In S 5 0 de f in ing D ^ , respect ively. 
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FACT 2.3 ([9]). For any r te- log ic L: L def ines D2 iff L G S5<>. 

In the proof of the next fact a funct ion (—)° 1 from F o r m into Fo r d 

which < < u n - m o d a l i z e s > > every modal formula was used: 

1. ( a ) 0 ' = 0, for any prepos i t iona l let ter a, 

2. for any cp, ip G F o r m : 

(a) (-><p)° 1 = r - i ^ ° i n , 

(b) (cp V (/y)°1 =rcp°" V ( / / ° 1 _ l , 

(c) (cp A = r ~ 1 ( ~ 1 <p°1 V - 1 ip°1)'1, 

(d) ( < p - » ^ ) ° 1 = r - r ! V ( / / ° 1 _ l , 

(e) (cp <-> = r - i ( - i ( - i cp°' V V V < ? ° 1 ) ) n , 

(f) ( 0 ( p ) ° 1 = > ° 1 A d (p V - i p ) " 1 , 

(g) ( • ^ i = r ^ o 1 _ > d n ( p V n p ) n 

Next we observe that for any A, B G F o r m , § G { ^ , 0 } and * G { A , V 

,—>,<->} the fo l l ow ing formulae belong to PL : 

(§A)°* <-» §A°* 

(A * 8 ) ° * <-> ( / r * (•) 

( 0 4 ) 0 * <-> - . o ^ / r 

And f ina l ly we see that for any formulae A ] , AN, C we obta in : 

C ° * G l iff C[mU-,o^Av---m"/^o^An) e L, 

FACT 2.4 ([11]). For any r te- log ic L: L def ines DJ> iff L G S5<>. 

On the other hand in the proof of the be low fact another funct ion 

( — ) ° 2 from F o r m Into Fo r d Is used where for any cp G F o r m : 

(f) (o<p)°2 = r^(cp°2 - ^ d n ( p V - . p ) ) , 

The other cases are as in the formula t ion of the funct ion ( — ) ° 1 . 

FACT 2.5 ([11]). For any r te- log ic L: L def ines D j Iff L e S5<>. 

And f ina l l y , in the proof of Fact 2.6 a funct ion ( — ) ° 3 from F o r m into 

F o r d is needed such that for any cp G F o r m : 
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(f) (0(p)°i = r(p°i A d (p°^. 

Aga in , the other cases stay unchanged. 

FACT 2.6 ([11]). For any r te - log ic L: L def ines DJ* iff L E S 5 0 . 

COROLLARY 2.7 ([11]). The Logic r t e S 5 M (resp. c m S 5 M , e S 5 M , m S 5 M 

r S 5 M , S 5 M ) is the smal lest r t e - (resp. c m - congruent ia l , monotonic, 
regular, normal) modal logic def in ing the logics D2, D J , D^, and DJ* . 

Tak ing into account the above Coro l lary , we see that to f ind di f fer­
ences between logics def in ing respective dlscussive logics one has to 
search for modal logics that are weaker than r t e S 5 M . There are con ­
s idered ([11]) the weakest modal logics def in ing respect ively D J , D ^ , 
and DJ* . In the case of these modal logics, we do not have a l l theses 
of S 5 that begin w i t h 'O'. 

3 THE SMALLEST MODAL LOGICS DEFINING D J , D j , DJ* 

3.1 Logics A, A*, A~, and A x 

Let A, A*, A - , and A x be the smal lest logics def in ing D2, DJ , D^, and 
DJ* , respect ively. We def ine the fo l low ing set of modal formulae: 

Gen:={(p 6 F o r m : 3A^D2 9 = rOA*~1} 

= {rOA^ eForm:AeD2}, 

Gen*:={(p E F o r m : 3 ^ g D * cp = rOA*~"} 

= {rOA*n E F o r m :Ae D J } , 

Gen~:={(p E F o r m : 3 , 4 g D - <p = r O / T n } 

= {rOA^ e F o r m :AE D2}, 

Genx:={cp E F o r m : 3AeD** cp = rOAx'1} 

= ( r ^ n G F o r m : A E D J * } . 

LEMMA 3.1 ([11]). Every modal logic def in ing D2 (resp. D J , D2 and DJ*) 
inc ludes the set S u b ( G e n ) (resp. S u b ( G e n * ) , S u b ( G e n " ) , S u b ( G e n x ) ) . 

Let AXPL be the set of modal formulae such that the pair (AXPL, { ( m p ) } ) 
is an ax iomat izat ion of PL . 
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FACT 3.2 ([11]). A (resp. A*, A~, A x ) Is the smal lest modal logic inc lud ing 
the set Gen (resp. Gen*, G e n " , C e n x ) . Consequent ly , A (resp. A*, A - , 
A x ) is axlomat ized by the sum of sets AXPL, {rep°), and S u b ( G e n ) (resp. 
S u b ( G e n * ) , S u b ( G e n " ) , S u b ( G e n x ) ) and (mp) as the only rule. 

COROLLARY 3.3 ([11]). Every two logics among A, A*, A -", and A x cross 

each other. 

From facts 2.4-2.6 we obta in : 

FACT 3.4 ([10, 11]). The logic A is not an r te- logic, so A C r t e S 5 M . 

Moreover, none of the logics A*, A - , and A x is an r te- log ic . 

3.2 Simplified axiomatisations of the considered JaAIJkowski-like 
discussive logics 

Al though Fact 3.2 gives an ax iomat isat ions of logics A, A*, A - , and 

A x , i t is not e legant since the sets Gen, G e n " , Gen* and G e n x are 

in f in i te (other const i tuents of sums const i tu t ing ax iomat isat ions of the 

considered modal logics can be easi ly replaced by respective f in i te 

sets). We recal l Kotas's method of ax iomat isat ion of D2, since it can 

also be adopted to f ina l l y give ax iomat isat ions of the considered modal 

logics. 

For any ru le R on F o r m we def ine the fo l l ow ing rules R° and Ra 

on F o r m : 

R° : = { { O ^ OcpniOiP) : <<?-, <pn,ijj) E R}, 

Ra : = {<n<Pi •<?„,•</'>: (91 <Pn,Lp) e R}. 

Moreover, for any set of rules 1Z on F o r m we put 1Z° := { R° : R E H} 

and 11° : = { RD : R EK}. 
Now, let Axjg U t be any f in i te ax iomat izat ion of Taut w i t h (mp) and 

(sb). Next we consider the fo l low ing rules: 

D(p I cp ( n e c - 1 ) 

Ocp I cp (pos~ 1 ) 
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In [12] a set M - S 5 : = {cp E F o r m : Ocp E S 5 } was considered. 
Adop t ing ax lomat isat ion given In [4] we see that for the case where 'O ' 
is a pr imi t ive symbo l of the language It has the fo l low ing form: 

FACT 3.5 ([4]). 1. The set M - S 5 is axiomat ized by the sum of sets 
D A x T a u t - i r e P a ) - { • / < : , • 7", D 5 } , and the rules (sb), (nec~ 1 ) , ( p o s - 1 ) , 

( n e c ) D , ( m p ) D 

2. The set D S 5 Is ax iomat ized by the sum of the sets LlAxjg U t, [repa), 

{ • / C , D f , D 5 } , and the rules (sb), ( n e c ) D , ( m p ) D . 

It appears that unmoda l lz lng funct ions used In proofs of facts 2.4-2.6 

are var iants of the funct ion used in [4]. Let ( — ) ° : F o r m — > Fo r d be a 

funct ion such that for any cp E F o r m : 

(f) ( O f ) - ( p V ^ ) A d f , 

(g) (Dcp)0 = ^(pV^p)A^(p0), 

and other condi t ions stay as In the def in i t ion of the funct ion o-j. 

N o w we have 

LEMMA 3.6 ([4]). 1. For any A E For d , if A E D 2 , then A* E M - S 5 . 

2. For any <fi E F o r m , if cp E M - S 5 , then cp° E D 2 . 

Let us recal l the fo l l ow ing notat ion (see [10]). For any T C Fo r d and 

any t rans la t ion $ from F o r d Into F o r m we put 

r o s
 : = { r O / ^ E F o r m : A E T}. 

Of course, for $ = • we have Gen = DJ* . 

Moreover, for any ru le R on Fo r d we def ine the fo l low ing rule Ros 

on F o r m : 

: = { ( 9 i <Pn.ilj) • \ AmBeFo^ W = rOAp,...,cpn 

= rOAp, LJJ = rOB$'1 and {Ah . . . , AN, B) E R } . 

Thus, for any A\ An, B E F o r d : 

( A AN,B) 6 R Iff (OA* OA$
n,OB$) E Ros. 
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For K being a set of rules on F o r m let 1Zos : = {Ros : R G 11}. 
Sim i la r l y as in the case of modal logics, for a l l sets X and A of 

discussive formulae and any set of rules 1Z in Fo r d we say that the pair 
(A,1Z) is an ax lomat i za t l on of X iff X is the smal lest set inc lud ing A 

and closed under a l l rules from 1Z. 

FACT 3.7 ([10]). Let ( A { ( m p d ) } ) be an axlomat izat lon of D 2 . 

Then ( A x P L U ( r e p D ) U A°', { ( m p d ) ° ' , (mp) } ) and 
(AXPL U {repa) U A°', { ( R C ) , ( m p ) } ) are ax lomat izat ions of A. Conse­
quent ly , A Is the smal lest modal logic wh ich includes the set A°' and 
is closed under the rule ( m p d ) ° * (resp. (RC)). 

One can extend the above lemma to a theorem (see [10, Fact 4.2]) 
that can be used to obta in an ax iomat isa t ion of the logic A. We can 
use Kotas's ax iomat isat ion [4, 6] of D 2 . To be able to express Kotas's 
result, we reca l l his abbrev ia t ion: 

p ^ g : = - ( ( r V n r ) A d n ( n P V q ) ) 

THEOREM 3.8 ([4]). The logic D 2 is axiomatised by the sum of the sets 
( D A x T a u t ) ° < ( • ( r e p 0 ) ) 0 , { ( D / C ) 0 , (OT)°, ( 0 5 ) ° } , and the formulae 
r(P§qy° - ] (P§qr ond ^(p§q) - J (p§q)^, for § G { A d 

y,-*6,**6}, and the rules (sb)°, ( n e c " 1 ) ° , ( p o s " 1 ) 0 , ( n e c ) D o , ( m p ^ i ) , 
( m p ) D ° . 

Us ing t rans la t ions (—)* and (—)° 1 (resp. ( - ) " and ( — ) ° 2 ; (—) ° 3 

and ( — ) x ) we extend Kotas' Lemma 3.6 to the case of D-J, D^, and 
Of. 

LEMMA 3.9. 1. (a) For any A e Fo r d , if A s D*2, then A* G M-S5. 

(b) For any (p G F o r m , if cp G M-S5, then <p°1 G D .̂ 

2. (a) For any A G For d , if A G D j , then / T G M-S5. 

(b) For any cj) G F o r m , if <p G M -S5 , then cp°2 G D2. 

3. (a) For any A G For d , if A G , then Ax G M -S5 . 

(b) For any (f) G F o r m , if (p G M -S5 , then cp°3 G D*{. 
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We can easi ly obta in ax lomat isat ions of D J , D 2 and DJ* . N o w we 
w i l l use respective abbrev ia t ions for those logics: 

p - > 5 q : = -"(->(-" p V q) A d ( r V -> r ) ) 

p - » 5 g : = (->(-! pV q) ->A ->(r V -> r ) ) 

We see that in the next theorem, in the case of DJ* one can use ei ther 
—>] or — B e s i d e s , the impl ica t ion —>3 can be used in each case. 

THEOREM 3.10. 1. The logic DJ is oxiomotised by the sum of the 

sets ( D A x ^ u t ) 0 1 , D({repD))°\ {{DK)°\ (OT)°\ ( D 5 ) ° 1 } , and r ( p § 

qT°' ->2
S (P § qV ond r ( p § q) ->j (p § q y y , for § G {A d , V, - > d 

, ^ d } os axioms, and the rules (sb)° 1 , ( n e c ~ 1 ) ° 1 , ( p o s " 1 ) ° 1 , ( n e c ) D ° 1 , 
( m p ^ ) , ( m p ) D ° 1 . 

2. The logic D 2 is oxiomotised by the sum of three sets ( n A x j a U t ) ° 2 , 

( • ( r e p D ) ) ° 2 , {{UK)°\ (OT)°2, ( D 5 ) 0 2 } and the formulae 

r ( p § q r ° 2 - 5
3 (p§qP ond r ( p § q) ->3

S (p § q ) ^ , for § G {A d V 

, -^d,^d}, as axioms, and the rules (sb)° 2 , ( n e c - 1 ) 2 , ( p o s ~ 1 ) ° 2 , ( n e c ) D ° 2 , 

( m p ^ s ) , ( m p ) D ° 2 . 

3. The logic D J * is axiomatised by the sum of three sets (DAx ja U t ) ° 3 , 

( • ( rep°))°3, {{UK)°\ {UT)°\ (05)°^}, a n d r ( p § q ) x o i ->f (p§q)n 

and r ( p § q ) ^2

S (p § q)x°3~1, for § G { A d , V , ^ d , ^ d } as axioms, and 

the rules ( s b ) x ° 3 , ( n e e " 1 ) 0 ' ( p o s " 1 ) 0 3 , ( n e c ) D ° 3 , ( m p ^ ) , ( m p ) D ° 3 . 

The obta ined ax lomat isat ions of the logics D J , D 2 and DJ* can be 
used to give ax lomat isat ions of logics A*, A - , and A x . Fact 3.7 can be 
extended to any axi.omatizati.on of D2 and also of DJ, D J , and DJ* . In 
such a way we obta in an extension of the ment ioned Fact 4.2 from [10] 
to the case of D 2 , DJ and DJ* . 

THEOREM 3.11. Let (A,1Z) be an axiomatization of D2 {resp. D 2 , D J , 
DJ*) . 

1. The pairs 

• { A x p L U ( r e p D ) U ^ 0 ' , ft0* U { ( m p ) } ) , 

• ( A x P L U ( r e p D ) U ^ f t 0 * U { ( m p ) } ) , 

• (Axp L U ( rep D ) U A0~, U { ( m p ) } ) , 

• (AXPL U ( rep D ) U A°x, 7 £ ° x U { (mp) }> 

http://axi.omatizati.on
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are axiomatizations of the logics A, A*, A , and A x , respectively. 

2. The logic A (resp. A*, A~, A x ) is the smallest modal logic which 
includes the set A°' {resp. A°v, A°~, A®*) and is closed under all 
rules from the set Tl°' {resp. K0t, 71° and 11°y). 
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